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Appendix

A.1 Bouncemotion

Evaluationof theintegral

With , themagneticeld

where , andthelengthof a eld line (arc) elementasa functionof or
suchthat

we canderive thebounceintegral as
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by

(A.1)

(A.2)
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A.2 Evaluation of the gradient curvaturedrift in a dipolar magne-
tosphere

We needto determineheintegrand

_ (A.3)
with
— - (A.4)
Relationsusedfor thederivationinclude and and
Evaluationof

and
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Evaluationof -

Thecombinationof theseyields:

B - (A.5)

Fromappendixd
and and
Suchthat
—— — (A.6)

To determinghe averageangulardrift velocity

with — andthede nitions and
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theangulardrift velocity becomes

A.3 De nition of the radius of curvature

Assume: , ,and

theline elementalongthe curve IS
Arc length:

Tangent:

Theunitvector de nedby

is the principalnormalwith theradiusof cunaturede ned by
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(A.7)

(A.8)

(A.9)

(A.10)

(A.11)

(A.12)

(A.13)

Exercise: Usethe eld line equationfor the dipole eld to computethe radiusof curvaturefrom

and asafunctionof .
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A.4 Kinetic Wavesin a MagnetizedPlasma

Derivation of the generaldispersionrelation

Amperes law andtheinductionequation

yield
Usingaplanewave ansatz yields
With Ohm'slaw thegeneraldispersiorrelationgivenby

With thede nition of thedielectrictensor

thegeneralispersiorrelationcanbere-writtena

Magnetized CollisionlessPlasmaWaves

Herewe assumehatthetheorybehindkinetic wavesin anunmagnetizeglasmais known. In auniform
mediumthelinearizedVlasov equationsare
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wherethe restframe electric eld is O, , andwe have omitted the speciesndex in the
collisionlessBoltzmannfor corvenience. The |hs of the linearizedBoltzmannequationrepresentshe
total time derivative alongthe six-dimensionapath suchthat

which canformally beintegratedin time

This integral requiresthe knowledgeof for all particlesfor . For linear perturbations
the particletrajectoriesare usuallyassumedo be determinedy the equilibrium electricand magnetic
elds suchthat

With thetransformation theintegrationbecomes

Introducingaplanewave ansatz andusingtheinductionequation
the perturbedistribution functionbecomes

(A.14)
Using andthe particleorbitsthe phasan the exponentialcanbewritten as
with . Theoperator canbeexpresseds
Since and areconstant®f motionwe canintegrate and canberemovedfrom the

integral. The sineandcosinefunctionsin the exponentcanbe integratedwith the aid of
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Notealsothatequation(A.14) canbefurthersimpli ed by introducingthe derivative

Now all integralsovertime areof theform

With

andnotingthat with _ _ — we canderie thedielectric
tensoras

Integratingovertime usingtheabove relationsandpropertieg/ieldsthedielectrictensorfor amagnetized
plasmaas
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with thetensor  of theform

with the Besselfunctions , and with theagument
This is themostgenerakxpressiorfor thedielectrictensorin a plasmawith a uniform magneticeld.
Simpli cations andspecialcases:

The purely electrostatialispersiorrelationis obtainedby taking the dot productof _ with
from bothsides.

The condition de nes particleresonancesln the caseof an unmagnetized
plasmathey reduceto theLandauresonance

Expansiorfor cold plasma -> 0.

Weak Damping and Weak Instability

We have in the previous partsassumedvave elds of theform

Theamplitudeof thewaveswill decreaseén timeif hasanimaginarypartwhichis negative
with . Weakdampingassumes . In otherwordsthe dampingproceedslowly
comparedo therealwave period . In this casewe canexpandthedispersiorrelation

aroundtherealfrequeng
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with the solutions

For instability onecanfollow the sameline of aguments.Notethatthe exponentialgrowth of the wave
for implies that the amplitudeof the wave assumegventually that of the equilibrium plasma
in which casethe approachto linearizethe equationss not anymore applicable. For instabilitieswith

we canusethe sameexpansionasin the caseof weakdampingandobtainthe same
solutionfor therealandimaginarypartsof
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A.5 CollisionlessWavesin an Anisotropic Plasma

With thede nition of thedielectrictensor

thegeneralispersiorrelationis

with

wherethesumis take from to and

with themodi ed Bessefunction andtheplasmadispersiorfunction
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A.6 PlasmabDispersionFunction

Differentialequation:

Usefulrelations

for Im

for Im

where is the analyticcontinuationof . Thecomple conjugateof the plasmadispersiorfunc-
tionis

Expansiorfor

Expansiorfor

with

for Im
for Im
for Im

Theplasmadispersiorfunctionis relatedto theerrorfunction:

erf —

erf
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A.7 BesselFunctionsand Modi ed BesselFunctions

Bessek differentialequation

Solutionsarethe Bessefunctionsof the rst kind

Modi ed Bessefunctionsof the rst kind

arethesolutionof thedifferentialequation

Recurrenceelations

andfor themodi ed Bessefunctions

Asymptoticexpansionfor
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......... » DQ= CVVdp+CppdV

= chV(dp/p+ng/V)

dS = DQ/T

......... % SH CV In (pVg)

dpr 9
dt

=0
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1
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