
Chapter 1

BasicElementsof the Physicsof Charged
Particles

1.1 Preliminaries

� Contact:

– AntoniusOtto

– GeophysicalInstitute,708E?

– Phone4746169

– Email: ao@how.gi.alaska.edu

– Website:www.what.gi.alaska.edu/ao/plasma

– Of�ce hours:Anytime

� Studentnamesandbackground

� Encourageparticipation,criticism,andsuggestions

� Scopeof thecourseandcontents(seehandoutor webpage)

– Basicelementsof thephysicsof chargedparticles

– SingleParticleMotion

– Fluid Equations

– Magnetohydrodynamics

– MHD EquilibriaandStability

– PlasmaKinetic EquationsandCollisions

– ElectrostaticPlasmaWaves

– ElectromagneticPlasmaWaves
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– Vlasov EquationsandEquilibria

– Kinetic Instability

– NonlinearElectrostaticWaves

– WeakTurbulenceTheory

� Conduct(seehandoutor webpage)

– Textbooks,somelecturenoteson theweb,but emphasison lecturenotes

– Homework: analytical

– Grading

– Midterm testand�nal exam

� Questions

1.2 BasicPropertiesand De�nitions

1.2.1 Plasmade�nition:

� A plasmais a (partially) ionizedgasin which thepotentialenergy of a particledueto its nearest
neighborforceis muchsmallerthanits kineticenergy.

Applicationsand examplesof plasmaenvironments(All environmentsof partially or fully ionized
gases)

� Laboratoryapplications

– Fusiondevices(inertial fusionor laserplasma, containedplasmain tokamaks..)

– Sputtering

– Gasdischarges

� Naturalenvironment

– Electricphenomenain atmosphere

– Ionosphere

– Planetarymagnetospheres

– Space(solarwind, thereis novacuum)

– Stellaratmosphere

– Stellarinterior

– Interstellarandintergalacticclouds
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– Metal

– Dustyplasmas

Thelasttwo examplesactually�t only partially theplasmade�nition. Far thecaseof metalsindividual
atomscancertainlynot move freely but the electronsusuallycan. For dustyplasmas(consistingof
chargecarryingdustgrainswhich occurat any locations(atmospherehousedust,planetaryringsetc.)
theplasmade�nition is oftenonly marginally satis�ed(andsometimesnotsatis�edatall).

More than99%of all visible matterin theuniverseis in theplasmastate.Plasmadensitiesrangefrom
10�

�

cm�

�

(Jovian magnetosphere)to 10
���

cm�

�

(stellar interior). Plasmatemperaturesrangefrom
few 10

�

K (upperatmosphere)to 10
�

K in thermonuclearplasma

1.2.2 DebyeShieldingand PlasmaParameter

A plasmais agasof chargedparticles,which consistsof freepositiveand/ornegativechargecarriers.

Coulombpotentialof a testcharge ��� at 	�

� :

���


���������������� ��!�" (1.1)

In aplasmathetestcharge(of in�nite mass)modi�es thedistributionof theparticlesin its vicinity.
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with Hamiltonian?
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Poisson'sequation:
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����� ��	+!6J Q-��3PNP> 3FS�!
	 (1.3)

AssumeQ

M�� 


ADC6E�S�, ADCFE�N�� suchthat 8�:<;=� Q
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De�ne theDebye length as �

�
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(1.4)

suchthat
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At largedistances
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Full solution:

���




���

�+����� �

8 :<;
�

>

�

�

�

�

(1.5)

This potentialis sometimescalledtheYukawa potential. In comparisonto thecoulombpotentialthe
Yukawa potentialconvergesmuchfasterto 0 for lengthscaleslarger thantheDebyelengthdueto the
exponentialfactor. Thustheelectric�eld tendsto 0 muchfasteror in otherwordstheelectric�eld from
thetestchargeis effectively shieldedatdistanceslargerthantheDebyelength.

� �

l �

�

~0

De�ning theion/electronDebyelength

�

�

N�� S 
 �"!$#&%�')(+*-, .

/

#
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�

wehave

�
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�
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with Boltzmann
constantA-C 


�

"7698;:
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� �+<>=

�

3

andelectroncharge Q�


�

"@?A:

�

�

�

3�BDC

.

=> Quasi-neutralityfor any physicallength

�

�
� E

otherwisebinaryinteractionshouldbeconsidered.

Exercise: Computethenetchargeof theshieldingcloud.
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The PlasmaParameter:

Averagepotential
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Averagekinetic energy:
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kg. Theplasmade�nition requires
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�

Theparameter

�

�


 3F�

�

�

�

is calledtheplasmaparameter. Note thatsometimes
�

�

�

*

is calledthe
plasmaparameter.

Theplasmade�nition implies
�


 3��

�

�

�

�

�

(1.6)

which is impliesthatthenumberof particlesin aDebyesphere� 
����

�

3��

�

�

�

is muchlargerthanunity.
This is consistentwith theshielding.A considerableshieldingof individualchargescanoccuronly on
theDebyelengthif therearesuf�cient chargesin theDebyesphereof eachindividualparticle.
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Exercise: Calculatetheelectronthermalspeed,Debyelength,andtheplasmaparameterfor
(a)a tokamakplasmawith ERS0
 10

�

K, 3�� 
 10
3�B

m �

�

(b) thetail magnetospherewith ERS 
 10
�

K, 3F� 
 10� m �

�

(b) theionospherewith ERS0
 10
�

K, 3�� 
 10
3

�

m �

�

(b) thesolaratmospherewith ERS 
 10
�

K, 3F� 
 10
�

� m �

�

(b) a laserfusionplasmawith ERS 
 10
�

K, 3F�9
 10
�

B

m �

�

Exercise: Cana plasmabe maintainedat temperaturesof E�S 
 100 K. Hint: Calculatethe density
limit usingtheplasmaparameterandexplain

Exercise:

�

�

3

�

3�5

�

�

E

�

5

�

While the dependenceon temperatureseemsintuitively clear the density
dependenceappearsoddbecauselower densitiesmeanlessparticlesandlessshielding.Why doesthe
plasmaparameterimprove(increase)with decreasingdensity?

1.2.3 PlasmaFrequency

Consideranin�nite slabof electronsandion with awidth of
E

(in � ) andparticledensityof 3=� . Assume
thattheelectronsaredisplacedby a smalldistance

�
� E

in the � direction.This createstwo regions
of nonzerochargedensity:

�

r �

� ���

x
x

Thesurpluschargegeneratesanelectric�eld � alongthe � direction.UsingPoisson'sequationin one
dimension

	�


� 


�

���

���

andintegratingover � yields

� 


Q 3��

���

�

in theregionbetween� 


�

and � 


E

.
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Evaluateforceon theelectronslab:

Chargeperunit area: >@Q 3F�

E

=> Force: � 
 >

S

0

/

0

#

!$#

E �

Herewe have neglectedthe small contributionsfrom the regionswherethe electronsandions don't
overlap.Massof theelectronperunit area:G S 3F�

E

suchthatNewton's law yields

>

Q

�

3

�

�

���

E �


�G S 3��

E��

�

�

�

7

�

which is theequationfor a harmonicoscillator

�

�

�

�

7

�

J

Q

�

3��

���TG S

�


��

with thefrequency

�

� S 
 �

3F� Q

�

G S����




3�5

�

(1.7)

where�

� S is calledtheelectronplasmafrequency.

In analogywecande�ne theion plasmafrequency as

�

� N�
��

3F���

�

Q

�

G N ���




3�5

�

(1.8)

andthetotal plasmafrequency as �

�

�




�

�

� S

J

�

�

� N

. Notethat �

�

��S

�

�

�

� N

suchthat �

�

�

�

�

�

� S

.

Exercise: Calculatetheplasmafrequenciesfor theexamplesof theexercisein theplasmaparameter
section.

Theproductof plasmafrequency andDebyelengthis thethermalspeed:

�

�

*

�

�
*


 �

ADCFE

*

G

*



3�5

�




H�*

=> Plasmaperiodis thetime thata thermalparticleneedsto travel thedistanceof aDebyelength!
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Figure1.1: Plasmaparameters.

1.3 Coulomb Crosssectionfor Momentum Exchange

Scatteringof momentumreducesthe momentumof a streamof particlesand is thereforegenerates
resistancefor a streamparticles. To measurethe resistancewe needthe total crosssectionfor the
momentumscattering.

Assumescatteringof aparticlewith massG , charge � , andvelocity
H

by aparticlewith mass�

�

G

andcharge ��� . Theimpactparameteris � .

�

����� �

	

�
���
�

�

q

Mechanics:

�������

�BI 
 ����� �

� G

H

�

� ���

(1.9)

Exercise: Derive theaboveequationandcalculatethethedistanceof theclosestpossibleapproach.

Themomentumalong � afterthescatteringis ����
��

������� suchthatthemomentumchangeis

�

� 
�� �

�

>

�������

!
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Let � bethenumberof particlespertimeunit andunit area: � 
 �

�������

� N

�	�

S

*

� N�
/S
�

/

N �

���

S

�

. Then

�

� 
�� I4� �

�

� particlesarescatteredinto thetherange
�

�

,

�

J

�

�

	 .

� �

De�nition: Dif ferentialcrosssectionfor momentumexchange

���

� 


�

�

�

�

�

�


 I � �

�

�/�

�

>

����� �

! (1.10)

=> total crosssection:

�

� � �

�
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�
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�
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!

�

� (1.11)

with

� 
 �

� �����

��I

�

�

�

�
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�
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�

�
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��
 �+����� ������� �TG

H

�

!
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� � �
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Finally wecanexpress� throughthescatteringparametersby notingthatfor smallvaluesof � wehave
�������


 N

/

�BI 

IB�

�


 N

/


 ������� � 


�




G

H

�

�K��� ��� ! suchthat3

�

� � �

�

��
 �����
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�

�
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H
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� �����

(1.12)

Heretheexpression
 

���

������� � 


�





��

0

�	�

#�


is calledtheCoulomblogarithm.

Notethat �

� � �

�

�

�

Q
��Q 1 7�� �+Q45�� 5�7��D3R1�Q .

For � 


�


�� �

(or �


=N

/

�

� ) => �

� � �

�

�

� �

Conclusion:Thesimplemodelof Coulombscatteringyieldsaninconsistency. Thetotal crosssection
divergesthroughthecontributionof largenumbersof particlewith largeimpactparameters.

However, at distancelargerthantheDebyelengththecoulombpotentialis shielded.

=> � 


�
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!$#&%�')(

/

#

S&0 143�5

�

Let usalsoconsiderahydrogenplasmawith � � � ����
�Q

�

and G

H
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	 (1.13)

=> Coulomblogarithmis thelogarithmof theplasmaparameter!

No coincidence:Theplasmaparameter(andpowersthereof)is theonly possibility to createa dimen-
sionlessparameterthatis a functionof G , Q , 3 , and E .

1.4 Collision fr equency

Thecollisionfrequency is equalto the�ux of particles
H

3�� multipliedwith thetotalcrosssection�

� � �

�

� :

� �

�

H
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H

3F�
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� � �

�
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�
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I �
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ConsiderMaxwell distribution function:

)

��./!0
 3F� �

G

I4�=ADCFE
�

�

5

�
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Integralovervelocityspaceyieldsaverage
�

H

�
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 8��
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1

�

5

�
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� �
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Exercise: Compute
�

H

�

�

It is interestingto comparecollisionandplasmafrequency:

� �

�

�


 �
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�

G ���
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�
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I

3�� Q

�
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�

	


 �

�

I

3

�

5

�

�
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�

6DI �63��/������ADCFE@!

�

5

�

 

�

�

�

I �
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 �

�

I

�

6DI �

�

�

 

�

�

�

I �

�

	

For

�

�

�

=> � �

�

�

�

�

�

Binarycollisionsarelessimportantthancollectiveplasmaeffects!!

Exercise: Computethemeanfreepathandtheratioof themeanfreepathto theDebyelength.

1.5 Plasmain a Fluid Limit
�

�


 �

� � ADC6E

3F� Q

�




3�5

�

�

� 
 �

3�� Q

�

G ���




3�5

�

Individualparticles:G , Q

Considerlimit of G , Q

�

�

Conservedproperties:

� massdensity: G 3F�

� chargedensity: Q 3F�

� kineticenergy density: 3R� ADCRE

=> 3F�

�

�

�+G , Q

�

G , and E

�

�

�+3F�

�

G

In this limit discretenessvanishesand�uid-lik epropertiessurvive.
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�

�


 �

����ADCR3��TE

3

�

�

Q

�




3�5

�

�

� 
 �

3

�

�

Q

�

G 3�� ���




3�5

�

Debyelengthandplasmafrequency remainunchanged.

Plasmaparameter:

�


�3F�

�

�

�

� �

Collision frequency: � �

�

�

Exercise: Determinethe�uid limit for theplasmaparameter, collision frequency, thermalspeed,and
gyro frequency Q�� �+G . Discusstheresults

1.6 Basicplasmaequations

1.6.1 Maxwell' sEquations

In generalmagneticandelectric�elds aredeterminedby Maxwell'sequations,correspondingboundary
conditionsandthesource(chargesandcurrents)distributions.

� :�� 


�

� �

��� (1.15)

����� >

�

1

�

	

�

	

7


 �F�	� (1.16)

���
� J

	

�

	

7


 � (1.17)

� :�� 
 �<" (1.18)

where� and � areelectricandmagnetic�elds.

1 
 6 :

�

�

�

G 5

�

3

, ��� 
 8 "@8�� :

�

�

�

3

�

� G

�

3

, and �R� 
 �+� :

�

�

�

�

? G

�

3

. Sometimesit is convenientto
expresstheelectromagnetic�elds in termsof anelectricpotential

M

andavectorpotential
 suchthat

� ��	-,�7 ! 
 >��

M

��	-,�7 ! >

	


 ��	-,�7 !

	

7

� ��	-,�7 ! 
 ���

 ��	-,�7 !

which requiresto solvetheelectromagnetic�eld equationsfor thepotentialsfor instancein theform
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�
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> �
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���
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��	-,�7 ! (1.19)
�

1

�
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7

�

> �

�


 
 �R� �D��	-,�7 ! (1.20)

where
M

and 
 satisfytheLorentzgauge
	 M

�

	

7=J 1

�

� : 
O
 � .

Exercise: Derive theequationsfor thescalarandthevectorpotentialsusingtheLorentzgauge.

Exercise: Derive theequationsfor thescalarandthevectorpotentialsusingtheCoulombgauge� :


 

� . Are theequationsfor thepotentialstill valid for theCoulombgauge?

1.6.2 Lor entzEquations of Motion

In electromagnetic�elds themotionof chargedparticlesis determinedby the�elds throughtheequa-
tionsof motion

�

	 N

�

7


 .FN (1.21)

�

.RN

�

7




� N

G

� �LJ . ��� !

�

*

� � " (1.22)

If theforcesareexternal,thecorrespondingequationsof motionarecompleteandtheparticlemotion
is oftencalledtestparticlemotion.However, if theotherparticlescontributeto theforceonaparticular
particletheforceshaveto beevaluated.Theelectromagneticforcesin aplasmadependsonthecurrent
andchargedensitieswhicharedeterminedby thecollectiveparticle interaction.

In a plasmathenumberof particlesin a physicalsystemis usuallyratherlarge. In additiontheover-
whelmingmajority of problemsdealwith the collective particlebehavior ratherthan the individual
one. Discreteparticledynamicsis importantin someareasof plasmaphysicsfor suf�ciently small
(`microscopic')lengthor timescales.

Plasmaphysicscombineselementsfrom variousotherareaof theoreticalphysics(mechanics,statistical
mechanics,E+M, andQM).

1.6.3 Examplesof Kinetic Equations

To describea plasmaonecansolve thecoupledsystemof Maxwell's equationsandtheparticleequa-
tions of motion. However, therearemoreef�cient methodsto solve the plasmadynamicsusingthe
aboveapproximations.

As an exampleconsiderthe singleparticledistribution function
)

��	 ,

�

,�7 ! which givesthe densityof
particlesin thesix-dimensionalspaceconsistingof thesetof ordinarycoordinatesandvelocities ��	-,

�

! .
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Thenumberof particlesin theinterval givenby
�

	-,T	 J

�

	 	 and
�

�

,

�

J

�

�

	 is givenby
)

��	-,

�

,�7 !

�

	

�

� .
Thesingleparticledistribution functionsatis�estheBoltzmannequation

	 )

	

7

J . : �

)

J

�

G

� � J . �
� ! : ���

)




	 )

	

7

�

�

�

�

�

�

�

���

N

*

N

� /

*

(1.23)

Heretherhsof theequationconsiderscollisionaleffects.

TO solve theplasmaequationsoneneedsto evaluatechargeandcurrentdensityfrom1.23

�

*

3

*


 �

*

���

�

�

�

�

H<)+*

���0, . , 7 !

�

*

3

*

�

*


 �

*

���

�

�

�

�

H

.

)+*

���0,�. ,�7 !

andsolveMaxwell'sequations.

In thecaseof thermalequilibrium
)

assumeslocally a Maxwell distribution in velocity spaceandthe
collision term on the rhs of 1.23 vanishes.Equation1.23isa �uid (advection)equationthoughin a
6 dimensionalspace.The lhs canbe interpretedasthe total derivative of
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givenby the6 dimensionalvelocity .
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! where � is theLorentzforce.

Oftencollisionscanbeneglectedalmosteverywhereexceptfor smallregionsin space.In theabsence
of collisionsthetotal derivativealongthepathdeterminedby .
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in analogyof theadvectionequationin ordinaryspace
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Illustration: Consideranobserver is moving with velocity . anda distribution function
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observeddistribution function
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suchthat thetotal changein
thedistribution functionis
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andthetotal timederivative
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Figure1.2: Illustrationof theevolution of a collisionlessdistribution conservingtheareainsidecon-
toursof constant
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 � impliesthatthechangealongthetrajectorygivenby . is 0. In thepresentcaseof a plasma
the .
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! is thevelocityof theplasmain the6 dimensionalspacegivenby �
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This implies that thevalueof
)

is conservedalongthis trajectoryin thesix-dimensionalphasespace.
In particularlyany maximumof thedistributionremainsexactly thesame.Similarly in thecollsionless
caseonewould expect that no plasmacanbe createdor annihilated(except if the is an appropriate
collisionwhich impliesthat
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shouldalsosatisfyacontinuityequationof theform
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This particularly implies that the six-dimensionaldivergenceof .
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is 0 or in otherwords that the
evolution in six-dimensionalspaceis incompressible,that meansthat the phasespacevolume of a
contourwith any constantvalueof

)

is conservedduringtheevolutionasillustratedin Figure1.2.

Exercise: Consideranordinarycontinuityequation
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 � . Thenumberof particles
in anarbitraryvolumeis � 
���� 3
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� . Show that thenumberof particleschangesonly dueto
particle�ux troughthesurfaceof thevolume � .

Thesetof thecollisionlessBoltzmannequation1.23complementedby Maxwell's equationsis called
Vlasov equations.More propertiesof kinetic equations(equilibria, collision operatorsetc.) andthe
origin of theBoltzmannequationwill bediscussedin thelaterchapteron kineticplasmaequations.

The collision term on the rhs canconsidermany differentphysicalor chemicalprocesses.Chemical
reactions,ionizationor recombination,friction, diffusion,andenergy exchangecollisionsarecontained
in thecollision term.Detailsdependon thecorrespondingprocesses.


