Chapter 1

BasicElementsof the Physicsof Charged
Particles

1.1 Preliminaries

Contact:

— AntoniusOtto

— Geophysicalnstitute,708E?

— Phone4746169

— Email: ao@hav.gi.alaska.edu

— Website: www.what.gi.alaska.edu/ao/plasma
— Of ce hours:Anytime

Studenthamesandbackground
Encourageparticipation criticism, andsuggestions

Scopeof the courseandcontentyseehandoutor webpage)

— Basicelementof thephysicsof chagedpatrticles
— SingleParticle Motion

— Fluid Equations

— Magnetohydrodynamics

— MHD EquilibriaandStability

— Plasm&Kinetic EquationsandCollisions

— Electrostatid?lasmanaves

— Electromagneti®lasmaNaves
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— Vlasov EquationsandEquilibria
— Kinetic Instability

— NonlinearElectrostatioNaves
— WeakTurbulenceTheory

Conduct(seehandoutor webpage)

— Textbooks,somelecturenoteson theweb,but emphasi®nlecturenotes
— Homework: analytical

— Grading

— Midtermtestand nal exam

Questions

1.2 BasicPropertiesand De nitions

1.2.1 Plasmade nition:

A plasmais a (partially) ionizedgasin which the potentialenegy of a particledueto its nearest
neighborforceis muchsmallerthanits kinetic enepy.

Applicationsand examplesof plasmaernvironments(All environmentsof partially or fully ionized
gases)

Laboratoryapplications

— Fusiondevices(inertial fusionor laserplasma, containedlasmain tokamaks.)
— Sputtering
— Gasdischages

Naturalenvironment

— Electricphenomenan atmosphere

— lonosphere

— Planetarymagnetospheres

— Spaceg(solarwind, thereis no vacuum)
— Stellaratmosphere

— Stellarinterior

— Interstellarandintergalacticclouds
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— Metal
— Dustyplasmas

Thelasttwo examplesactually t only partially theplasmade nition. Farthecaseof metalsindividual
atomscan certainly not move freely but the electronsusually can. For dusty plasmagconsistingof
chage carryingdustgrainswhich occurat any locations(atmospheréousedust,planetaryringsetc.)
the plasmade nition is oftenonly maginally satis ed (andsometimesot satis edatall).

More than99% of all visible matterin theuniverseis in the plasmastate.Plasmadensitiegangefrom
10 cm (Jovian magnetospherdp 10 cm (stellarinterior). Plasmatemperaturesangefrom
few 10 K (upperatmospherefo 10 K in thermonucleaplasma

1.2.2 Debye Shieldingand PlasmaParameter

A plasmais agasof chagedparticles which consistf free positive and/ornegative chage carriers.
Coulombpotentialof atestchage at

(1.1)

In aplasmathetestchage (of in nite mass)modi es thedistribution of the particlesin its vicinity.

Distribution functionfrom equilibriumstatisticalmechanics

(1.2)

with Hamiltonian yieldsthe densitydistributions
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Poissors equation:

— — (1.3)

Assume suchthat

=>

De ne theDebye length as

- (1.4)

suchthat

At largedistances
Full solution:

S - (1.5)

This potentialis sometimesalledthe Yukawa potential. In comparisorto the coulombpotentialthe
Yukawa potentialcorvergesmuchfasterto O for lengthscaledargerthanthe Debyelengthdueto the
exponentiaffactor Thustheelectric eld tendsto 0 muchfasterorin otherwordstheelectric eld from
thetestchageis effectively shieldedat distancedargerthanthe Debyelength.

~0

De ning theion/electrorDebyelength  — wehave with Boltzmann
constant andelectronchage
=> Quasi-neutralityor any physicallength otherwisebinaryinteractionshouldbeconsidered.

Exercise: Computethe netchage of theshieldingcloud.
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The PlasmaParameter:
Averagepotential
Averagekinetic enepy:
with  de ned asthethermalspeedf species:
with kg and kg. Theplasmade nition requires
suchthat
with theresult
The parameter is calledthe plasma parameter. Note thatsometimes is calledthe
plasmaparameter
Theplasmade nition implies
(1.6)
whichis impliesthatthe numberof particlesin aDebyesphere — is muchlargerthanunity.

Thisis consistentvith the shielding.A considerablehieldingof individual chagescanoccuronly on
the Debyelengthif therearesufcient chagesin the Debyesphereof eachindividual particle.
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Exercise: Calculatethe electronthermalspeedDebyelength,andthe plasmaparametefor
(a) atokamakplasmawith 10 K, 10 m
(b) thetail magnetosphenreith 10 K, 10 m
(b) theionospheravith 10 K, 10 m

(b) the solaratmospheravith 10 K, 10 m
(b) alaserfusion plasmawith 10 K, 10 m
Exercise: Cana plasmabe maintainedat temperaturesf 100 K. Hint: Calculatethe density

limit usingthe plasmaparameteandexplain

Exercise: While the dependencen temperatureseemsntuitively clear the density
dependencappear®ddbecausdower densitieameanlessparticlesandlessshielding. Why doesthe
plasmaparametemmprove (increaseith decreasinglensity?

1.2.3 PlasmaFrequency

Considemanin nite slabof electronsaandionwith awidthof (in ) andparticledensityof . Assume
thatthe electronsaredisplacedoy a smalldistance in the direction. This createdwo regions
of nonzerochagedensity:

Thesurpluschagegenerateanelectric eld alongthe direction.UsingPoissons equationn one
dimension

andintegratingover yields

in theregion between and
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Evaluateforceontheelectronslab:
Chageperunit area: => Force: —

Herewe have ngglectedthe small contribtutionsfrom the regionswherethe electronsandions don't
overlap.Massof the electronperunit area:

suchthatNewton's law yields

whichis the equatiorfor a harmonicoscillator

with thefrequeng

— (1.7)

where s calledtheelectronplasmafrequeng.

In analogywe cande ne theion plasmafrequeng as

_ (1.8)
andthetotal plasmafrequeng as . Notethat suchthat

Exercise: Calculatethe plasmafrequenciedor the examplesof the exercisein the plasmaparameter
section.

Theproductof plasmafrequeny andDebyelengthis thethermalspeed:

=> Plasmaperiodis thetime thata thermalparticleneeddo travel the distanceof a Debyelength!
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Electron Plasma Frequency in Hz

4 5 6 7 8 9
10 l(IJ 1? 1? 1‘:') 1? Thermonuclear
, 7/ s / 7/ Plasma
/ / / /
006\ 7/ i

103

c
3 107
2 / /
~ Plasma / / /
< Sheet 7/ /
[ -
oy 7 / -
< /
5] Tail Lobe ‘Q d
= d @‘*&/ X7 I %
£ 105k / / S \O/ S 7 Nk 8
= / / / / N
<} Qé\/ \}(\/ Va
2 S 2 \© Teneous
o P S / \<>
21043, Laboratory )|
w \ g Interstellar / Plasma Solar
Gas Plasmasphere / Atmosphere
lonosphere / /
I I I
10 -2 100 102 104 108 1010

Electron Density in cm=3

Figurel.l: Plasmgparameters.
1.3 Coulomb Crosssectionfor Momentum Exchange

Scatteringof momentumreduceshe momentumof a streamof particlesandis thereforegenerates
resistancdor a streamparticles. To measurehe resistanceve needthe total crosssectionfor the
momenturrscattering.

Assumescatteringof a particlewith mass , chage , andvelocity by aparticlewith mass
andchage . Theimpactparameters .

»
Y

Mechanics:

S (1.9)

Exercise: Derivetheabove equationandcalculatethe the distanceof the closestpossibleapproach.

Themomenturmalong afterthescatterings suchthatthe momentunchangds
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Let bethenumberof particlespertime unit andunit area: —— . Then
particlesarescatterednto thetherange

De nition: Differentialcrosssectionfor momentumexchange

- (1.10)
=> total crosssection:
_ (1.12)
with
and we obtain

andfor =>
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Finally we canexpress throughthescatteringparameterdy notingthatfor smallvaluesof we have

suchthat3
— (1.12)
Herethe expression — is calledthe Coulomblogarithm.
Notethat
For (or ) =>

Conclusion:The simplemodelof Coulombscatteringyields aninconsisteng. Thetotal crosssection
divergesthroughthe contrikution of large numbersof particlewith largeimpactparameters.

However, at distancdargerthanthe Debyelengththe coulombpotentialis shielded.
=> [

Let usalsoconsidera hydrogenplasmawith and -

(1.13)

=> Coulomblogarithmis the logarithmof the plasmaparameter!

No coincidenceThe plasmaparamete(andpowersthereof)is the only possibility to createa dimen-
sionlesgparametethatis afunctionof , , ,and .

1.4 Collision frequency

Thecollisionfrequeng is equalto the ux of particles  multipliedwith thetotal crosssection

Considemaxwell distribution function:

Integral over velocity spaceyieldsaverage - —  suchthat

- (1.14)
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Exercise: Compute

It is interestingto comparecollision andplasmafrequeng:

For =>

Binary collisionsarelessimportantthancollective plasmaeffects!!

Exercise: Computethe meanfree pathandtheratio of the meanfree pathto the Debyelength.

1.5 Plasmain aFluid Limit

Individual particles: ,
Considedimit of

Conseredproperties:

massdensity:

chagedensity:

kinetic enegy density:
=> , , and

In thislimit discretenesganishesand uid-lik e propertiesurvive.

15
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Debyelengthandplasmafrequenyg remainunchanged.
Plasmgparameter:
Collisionfrequengy:

Exercise: Determinethe uid limit for the plasmaparametercollision frequeny, thermalspeedand
gyrofrequeny . Discusgtheresults

1.6 Basicplasmaequations

1.6.1 Maxwell's Equations

In generamagnetiandelectric elds aredeterminedy Maxwell'sequations¢orrespondingpoundary
conditionsandthe source(chagesandcurrents)istributions.

— (1.15)
— (1.16)
— (1.17)
(1.18)
where and areelectricandmagneticelds.
, and . Sometimest is corvenientto

expressheelectromagneticelds in termsof anelectricpotential andavectorpotential suchthat

whichrequiresto solve theelectromagneticeld equationdor the potentialsfor instancan theform
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. _ (1.19)

— (1.20)

where and satisfythelLorentzgauge

Exercise: Derive theequationdor the scalarandthe vectorpotentialsusingthe Lorentzgauge.

Exercise: Derive the equationdor the scalarandthe vectorpotentialsusingthe Coulombgauge
. Are theequationdor the potentialstill valid for the Coulombgauge?

1.6.2 Lorentz Equations of Motion

In electromagneticelds the motionof chagedparticlesis determinedoy the elds throughthe equa-
tionsof motion

- (1.21)

— — (1.22)

If the forcesareexternal,the correspondingquationf motionarecompleteandthe particlemotion
is oftencalledtestparticlemotion. However, if theotherparticlescontributeto theforceonaparticular
particletheforceshave to be evaluated.Theelectromagnetitorcesin aplasmadepend®nthecurrent
andchagedensitiesvhich aredeterminedy thecollective particle interaction.

In a plasmathe numberof particlesin a physicalsystemis usuallyratherlarge. In additionthe over
whelming majority of problemsdeal with the collective particle behaior ratherthanthe individual
one. Discreteparticle dynamicsis importantin someareasof plasmaphysicsfor sufciently small
(‘microscopic’)lengthor time scales.

Plasmghysicscombineslementdrom variousotherareaof theoreticaphysicsmechanicsstatistical
mechanicseE+M, andQM).

1.6.3 Examplesof Kinetic Equations

To describea plasmaonecansolve the coupledsystemof Maxwell's equationsandthe particleequa-
tions of motion. However, thereare more ef cient methodsto solve the plasmadynamicsusingthe
above approximations.

As an exampleconsiderthe single particle distribution function which givesthe densityof
particlesin thesix-dimensionaspaceconsistingof the setof ordinarycoordinatesndvelocities
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Thenumberof particlesin theinterval givenby and is givenby
Thesingleparticledistribution functionsatis esthe Boltzmannequation

_ _ _ (1.23)

Heretherhsof theequationconsiderscollisional effects.
TO solve the plasmaequation®neneedgo evaluatechage andcurrentdensityfrom1.23

andsolve Maxwell's equations.

In the caseof thermalequilibrium assumesocally a Maxwell distributionin velocity spaceandthe
collision term on the rhs of 1.23 vanishes.Equation1.23isa uid (adwection)equationthoughin a
6 dimensionakpace.The Ihs canbeinterpretedasthe total derivative of alongatrajectory
givenby the 6 dimensionalelocity — where isthelorentzforce.

Oftencollisionscanbe neglectedalmosteverywhereexceptfor smallregionsin space.n theabsence
of collisionsthetotal derivative alongthe pathdeterminedy is

in analogyof theadwectionequationin ordinaryspace

lllustration: Consideran obsereris moving with velocity anda distribution function . The
obsereddistributionfunction attime is

andat

— suchthatthetotal changen
thedistribution functionis

andthetotal time derivative
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>

Figure1.2: lllustration of the evolution of a collisionlessdistribution conservinghe areainside con-
toursof constant .

impliesthatthe changealongthetrajectorygivenby is 0. In the presentaseof a plasma
the — isthevelocity of the plasmain the 6 dimensionakpacegivenby

This impliesthatthevalueof is conseredalongthis trajectoryin the six-dimensionaphasespace.
In particularlyany maximumof the distribution remainsexactly the same.Similarly in the collsionless
caseone would expectthat no plasmacan be createdor annihilated(exceptif the is an appropriate
collisionwhichimpliesthat shouldalsosatisfya continuity equationof theform

This particularly implies that the six-dimensionaldivergenceof is 0 or in otherwordsthat the
evolution in six-dimensionakpaceis incompressiblethat meansthat the phasespacevolume of a
contourwith ary constanwalueof is conseredduringtheevolutionasillustratedin Figurel1.2.

Exercise: Consideranordinarycontinuity equation . Thenumberof particles
in anarbitraryvolumeis . Shaw thatthe numberof particleschangeonly dueto
particle ux troughthesurfaceof thevolume

The setof the collisionlessBoltzmannequationl.23complementedy Maxwell's equationss called
Vlasov equations.More propertiesof kinetic equationgequilibria, collision operatorsetc.) andthe
origin of the Boltzmannequationwill bediscussedn thelaterchapteron kinetic plasmaequations.

The collision term on the rhs canconsidemmary differentphysicalor chemicalprocessesChemical
reactionsjonizationor recombinationfriction, diffusion,andenepgy exchangecollisionsarecontained
in the collisionterm. Detailsdepencon the correspondingrocesses.



