Chapter 4

Two Fluid Equationsand Waves

Thetwo uid equationshave beenderivedin the previous chapterwherethey weresimpli ed to the
setof MHD equationsHerewe wantto returnto the setof two uid equationsandexamineproperties
which are beyond the usualMHD plasmadescription. Speci cally this chapterfocusseson waves
andinstabilitiesin thetwo uid approximation.Many of thesewave alsoexesitin the kinetic plasma
descript. Many of thesewavesexist only in the causeof not exactly chage neutralplasmas.This is
importantonly on relatively small spatialscalescomparablevith the Debyelength. Coorepondingly
theswasehave muchhigherfrequencieshenthetypical MHD waves.Howeverbeforediscussinghese
wave phenomenave rst wantto addrespressuranisotroly and uid plasmadrifts.

4.1 Pressue Anisotropy

In mary caseghepressurén acollisionlesgplasmais notisotropic. Howeverthe plasmais usualywell
gyrotropicmeaningthatit is well describedoy a parallelandperpendiculapressure.The reasonfor
the gyrotropicpressuras the rapid gyromotionwhich isotropizeghe plasmamotion ef ciently in the
planeperpendiculato themagneticeld. In this casethe pressuréensorcanbe expresseas

Hereasin the remainderof this subsectiorwe have droppedanindex to indicatethatthe equations
arevalid for eachparticle speciesn a plasma. For both pressureshe ideal gasequationis a good
approximation

If theadiabatiapproximationis satis editis temptingto usetheconcepbf aparallelandperpendicular
entrofy and to obtain equationdfor the paralleland
perpendiculapressureHerethe adiabatidndex canbe obtainedusingthe generalde nition
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with  beingthe degreeof freedom. For the parallelmotion we have andfor perpendincular
motion whichyieldsthe adiabaticequationof state

However, the adiabaticequationslo not considerthe couplingbetweerthe parallelandperpendicular
pressuresFor instancethe perpendiculapressureshouldincreaseasa particledistribution move into
aregion of larger magnetic eld strengthwhich is not the casefor the adiabaticequations.Also the
pressurearecombineda measurdor theinternalenegy suchthatthe equationshouldsatisfyenegy
conserationwhichis alsonotthecase.

A betterapproximationcanbe found by consideringhe adiabatidnvariantsof singleparticlemotion.
Averingthe magnetiaonomentfor a particledistribution functionyields

Sincethe averagemagneticnomentmustbe consered (if the partclegyro-motionis fasterthanother
temporalchangesand the gyro radiusis smallerthanlength scalesof gradientsin the plasma)the
perpendiculaadiabatidaw is

The paralleladiabaticequationis morecomplicatedandbasicallyrequiresto considerenegy conser
vations,i.e.,it requirego integratethe collisionlessBoltzmannequationfor the parallelenegy andfor
the perpendiculaenepgy separatelyTheresultingequationganbe combinedo

- _ (4.1)

With the continuity equation

the pressureequationbecomes
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Usingtheidealgaslaws the equationf statecanbere-writtenas

Thusaplasmawhich movesinto aregion of highermagneticeld strengthwill have anincreasingoer
pendicularanda decreasingparalleltemperature This is for instancethe casefor the magnetosheath
plasmaasit getscloserto the daysidemagnetopauswith the result of an increasingtemperature
anisotropy.

Exercise: Show thatthe equationfor the perpendiculakinetic enegy is

Exercise: Shawv thatthe equationfor the parallelkineticenegy is

Exercise: Showv thatby combiningthe above two equationsandthe momentunmequationdor parallel
andperpendiculapressurenecanderive eqution4.1.

4.2 Fluid PlasmabDirifts

The uid equationof motionfor sucha plasmais

— — (4.2)

For a stationaryplasmawith sufciently smallvelocities(suchthatthe canbeneglected)the
force balancesequationis

Takingthe cross-producof this equationwith anddividingby  vyields
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Figure4.1: lllustrationof the diamagnetidrift

_ (4.3)

which de nesthe uid drifts in a stationaryplasmacon guration similar to the single particle drifts
discusseckarlier The rst termis the familiar drift which hasto be presentasa resultof the
Lorentztransformation.The secondandthird termsarenewn andnot presenin this form in the single
particledrifts. The new drifts arisedueto the collective particleinteractions.

The secondermdecribesa particledrift perpendiculato the magneticeld andperpendiculato the
gradientof the perpendiculapressureThis drift is calledthediamagnetidrift. andis presenif either
agradientin thedensityor agradientin thetemperatur®f the plasmaexist (or both).

Let us considera gradientin the plasmanumberdensity Particlesgyratein the magnetic eld all
in the samedirectionfor the samechage. However, in the presenceof a densitygradientthereare
more particlein the direction of the gradientthanin the oppositedirection. Thus an obserer at a
x edlocationwould seemoreparticlegoingin onedirection(dueto gyromotionanddueto thelarger
numberof particlein the densitygradientdirection)thenin the oppositedirection. Thusat a given
locationa netbulk velocity arisesdueto the densitygradient. Note that this doesnot requirefor the
centerof gyromotionto move. Similarly a gradientin the temperatureesultsin differentgyroradiiin
thedirectionof thegradientwith the samenetresultfor the bulk motion.

Sincethediamagnetidrift velocity

dependson the chage electronsand ions move in oppositedirectionsgiving rise to a diamagnetic
current

with . If the plasmais isotropicthe diamagnetidrift is the only plasmadrift because
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For anonisotropigplasmawe canre-writethelasttermon therhsof (4.3) usingtheradiusof curvature
de nition as

where istheouternormalof the eld line curvatureand is theradiusof curvature.Thusthis drift
exists only for curved magnetic elds similar to the single particle curvaturedrift but it dependn
paralleland perpendiculapressureandit canbe positive or negative dependingon the ratio of these
pressuresThecorrespondingurrentdensityis givenby

where

Applicationsof thesedrifts to variousplasmaernvironmentsare obvious. In the caseof the Harris
sheetthereis amaximumpressuren the centerof the currentsheet.The correspondingerpendicular
pressurgradientdrivesa diamagneticurrentwhich in turn accountselfconsistentlyfor theincrease
in magneticeld strengthaway from the centerof the currentsheet.

Exercise: Computethe diamagnetidrift for electronsandiosn for the Harris sheet.Is it consistent
with the Harrissheetcurrent?

Polarization Drifts

Thusfar we have considered stationarycon guration. If thereareslow changesn the con guration
we cancomputethe additionaldrifts by includingtheinertiatermin the equationfor the electric eld

andby takingthe cross-producivith anddividing by obtainthe additionalterm

wherewe cansubstitute

For the rst termthisresultsin the guiding centermpolarizationdrift
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known from thesingleparticledrifts. Thesecondermyieldsanew polarizationdrift whichin thecase
of constanmagneticeld andtemperatureesultsin

Finally from generalizedhm'slaw oneobtainsadrift similarto theonesabove from thecurrentinertia
term:

This drift is amotionof thebulk of theentireplasmasuchthatit doesnot causeary current.

4.3 BasicTwo Fluid Wave Equations

For mosttwo uid wavesthefollowing setof equationss fully sufcient.

wheretheindex denoteslectrong(index ) andions(index ). The equationsare completedwith
Maxwell's equations

In the following we will discussvariousexamplesof two uid waves. Thediscussiorwill startwith
wavesin a nonmagnetizeglasma,meaingthatthe equilibriumor backgroundnagneticeld is zero.
Thereaftemwe discusghe magnetizedvaves. Anotherbasicdistinctiontocategorizewavesareelectro-
staticandelectromagnetiwaves.In theelectrostaticasehemagneticeld perturbations zerowhich
implies with also . Thusthe electric eld canberepresentedby a potential.
Electromagnetiovavesareall waveswhich carryamagneticeld perturbation.
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4.4 NonmagnetizedPlasmaWaves

4.4.1 Langmuir wawes

The mostbasicplasmawave is the Langmuirwave which is basicallythe sameasthe spacechage
oscillationwhich we usedto derive the plasmafrequeng. Consideringonly high frequenciesuchthat
theion dynamicscanbe neglectedandadependancenly onthe coordinatehebasicequationsare

Next we linearizethe equationsvhereequilibriumpropertieshave anindex 0 andperturbedquantities
anindex 1. Assuming

andassumingold electrons the rst orderequationsare

Assumingplanewave solutionsof the form for , ,and wecan
rewrite theequationsn algebraidorm

Notethatthedifferentvariablesmayactuallhave adifferentphasen theplanewave solution.However,
we canabsorbthe pahsanto theamplitude etcby allowing theseampplitudeto be complex.

With we obtainfrom thethird equation



CHAPTER4. TWO FLUID EQUATIONS AND WAVES 94

andmultiplicationof this equatiorwith the secondequationin the setabove yields

or

Thesearethewell known electronplasmaoscillationsnow asaresultof themostbasicelectronplasma
wave. For awarmplasmathis wave is known asthe Langmuirwave (Langmuir 1926).

The electronplasmaoscillationsdo not dependon the wave vector Thereforethe group velocity
is zeroandthe oscillationsdo not carryenepy.

Exercise: Determinghephaseshiftbetween , ,and . Assumingasolutionof
sketchthesolutionsfor , ,and

For a warm plasmathe actualdispersionrelationrequirestricly a kinetic treatment.However, using
intuition we canguesghethe particlemotionin this cases one-dimensionalTherefore
suchthatwe canincludethelinearizedpressurequation

with theresult

into our setof equationdor thedispersion

whichyields
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or

with thethermalspeed

This is now the Langmuirwave. Usually is the soundspeedn a medium. However, since
we have alreadyidenti ed that it is the soundspeedn a one-dimensionainedium. Note also
thatthe assumptiorof the pressureequationassumeshat the electroncompressions adiabatic,.e.,
electrondravel only a shortdistancehroughthe wave over awave period or

which is equivalentto , I.e., wavelengths muchlargerthenthe Debyelength. With this the
solutioncanbe expresseds

with the groupvelocity

Exercise: For asolutionof determinghesolutionsfor and

4.4.2 Dielectric Function

Whenwe comparea wave propagationin a plasmato anordinarymediumonecanre-formulatePois-
son'sequation

with thedisplacemenin theform

where_ is the dielectrictensorwhich incorporateshe propertiesof the mediuminto the displacement
. For theone-dimensiongblasmacasewe canre-write
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as

with thedielectricfunction . Usingthederiationfor the electronplasmaoscillationsoneobtains

suchthathedielectricfunctionbecomes

Notethatthedispersiorrelationimplies

For theLangmuirwave Poissons equationbecomes

or for thedielectricfunction

with thedispersiorrelationfrom

4.4.3 lon plasmawaves

Langmuirwavesareatypical highfrequeng phenomenofor whichtheion dynamicscanbeneglected.
Here we will considerthe ion motion for the correspondingvaves. The discussionon the plasma
freueny demsontratethatacorrespondingon oscillationocurrsontheion plasmdrequeny . Thus
thetermhigh frequeng refersto whereadow frequeng refersto

Note thatin a magnetizedolasmaone hasto considerthe gyro frequenciesaswell with thetyplcal

ordering

Exercise: Why is thetypical orderingfor aplasma?

Thelinearizedpressureequationanbe combinedwith the continuity equationgo yield
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or

which canbeintegratedin timeto yield
Thefull setof electronandion equationss

Linearizingtheseequationsaswe did beforefor the Langmuirwaveswith

yields

For low frequeng phenomendhe electronsalwaystendto neutralizethe ion chages. Thusa rst at-
temptto solvethelinearizedequationcanassume . This eliminatesPoissons equation.
Takingnow the sumof themomentunequationgyields
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Notethat and aretheequilibriumtemperaturesMultiplying thecontinuityequationsvith  and
respectrely andtakingthetime derivative yields

or

with

wherewe ngglectedtermsof . Usingtheplaneapproacheadsto theion-acoustiaispersion
relation

The nameindicatesthat this wave is really a soundwave, however with the soundspeednot only
determinedy theion temperaturdout alsoby the electrontemperaturgor pressure) The couplingto
theelectronsoccursthroughtheelectric eld. Notethattheelectric eld waseliminatedby addingthe
two momentumequationsvhich introducedthe electronpressurgyradientinsteadof the electric eld.
Theinertiatermin the total momentumequationis dominatedby the ions. Note thatthe coefcients

and dependmuchon the detailedkinetic physics. However, sincethe electronthermalvelocity

the electrongypically remainisothermalimlying . Therearealsovarious

plasmaenvironmentsn whichtheelectrontemperaturactuallydominatesuchthattheion soundspeed
becomes

To solvethefull setof electronandion equationsvetake thetime derivativesof thecontinuityequations
andthex dervaitvesof the momentumequations

De ning
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andsubstitutinghe momentumequationsn the correspondingontinuity equations

Usingthe planewave approach thebasicequationsare

andsubstitutionof and  in Poissons equationyields

wherewe have used

Thusthedispersiorrelationbecomes

This dispersiorrelationcontainsboththeion wave aswell asthe Langmuirwave solution.In the case
of we obtainthe Langmuirwave. For the solutionis obtainedfrom
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Note thatwe could have arrived at this resultalsoby neglectingthe elctroninertiatermin the above
equations For valuesof we obtainthe prior dispersiorrelationfor ion-acoustiovaves. In
the caseof thesecondermdominatesin thislimit the wave frequeny approachetheion
plasmafrequeng.

Y

TheLangmuirandion wave dispersions illustratedin theabove gure. Theasymptoticvaluesarethe
electronandtheion plasmafrequenyg. Theion wave hasa slopeof andthelimiting slopefor the
langmuirwave was

4.4.4 Electromagneticwaves

Theonly otherclassof wavesin anumagnetizeglasmaareelectromagnetigvaves. Theseareusually
high frequeng wave suchthattheion dynamicscanbe neglected.We will furtherassume

suchthat andPoisson equationbecomes . Togetherwith we have
the conditions and . A wave satisfyingthelastconditionis calledtrans\erse.Thus
the setof basicequationgor thesewavesis

Linearizingtheseequationwherewe assume . Furtherwith => andwe can
neglect becauseve consideronly lineartermsin the perturbation

Takingthe curl of theinductionequationoneobtains
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Assuminga planewave with the vectoralong
onecanchoose alongthe direction( )
suchthat isalongthe direction.Thisyields

or

In the limit of zerodensitywe have and
thusrecover the dispersionrelationfor free space
light waves: . The dispersionrelationis
sketchedn the gure to theright.

In the limit of zerodensitywe have andthusrecover the dispersionrelationfor free space
light waves:

It is instructive to recalltheindex of refractionin opticalmediaas

For theelectromagnetigvaveswe have

Thustheindex of refractionandthereforethe wavevector becomemaginarywhen . This
corespondso evanescencef the wave in this medium. In a mediumwith a positive densitygradient
the plasmafrequeng increasean the directionof the densitygradient.An electromagnetigvave prop-
agatingin this mediumre ects at the point which the point of critical densitygradient. This
effectis importantin laserfusionandin theinteractionof radiowave with theionosphere.

Exercise: Sketchthe groupvelocity andthe phasevelocity for electromagnetigvavesin anumagne-
tizedplasma.
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4.5 MagnetizedPlasmaWaves

Sofar we considereduinmagnetizegbhlasmawaves. In the next sectionwe considerplasmawavesin
a plasmawith a homogeneousnagnetic eld background.This providesan additionalcomplication
or dggreeof freedom.The unmagnetizeghlasmawaveshave beenisotropicin the sensdhatthe wave
dispersiordoesnotdependnthedirectionof thewave propagationin thepresencef amagneticeld
thedirectionof thewave vectorrelative to themagneticeld will becomemportant.in classifyingthe
magnetizegplasmawavestherearethe following importantpropertieso consider

If is alongthe magnetic eld the wave is called parallelwhile for the wave is
perpendicular

If the wave vektoris parallelto the perturbedelectric eld thewave is calledlongitudinal. For
thewaveis trans\erse.

If the perturbedmagneticeld thewave is calledelectrostati@andfor thewave
is electromagneticWe have seeralreadythatthe MHD wave areall electromagnetic.

Not all wave canbe simply classi edin thesecateyories. For instancea wave with a wave vectorthat
hasa45 degreeanglewith themagneticeld is neitherparallelnor perpendicularTheseclassi cations
are als not independent.Using faradays law (induction equation) we obtain
. For longitudinalwaves suchthatlongitudinalwavesareelectrostaticVice
versatrans\ersewavesare electromagneticWe will startthe following discussiorwith electrostatic
wavesanddiscusslectromagnetigvave in the secondpartof this section.

4.5.1 Electrostatic magnetizedwaves

Upper hybrid waves

Letus rst considetthehighfrequeny electrostatiavaves.As beforewe canneglecttheion dynamics
in this case(they form a backgroundvith chage ) andwe considera cold plasma . We also

assumehe wave to be longitudinali.e. the wave vectoris alongthe electricfeild perturbationwhich
accordingto our prior commentsmpliesanelectrostatiavave. Theresultingbasicequationsare

Exercise: Why arethe otherMaxwell equationsgnored?



CHAPTER4. TWO FLUID EQUATIONS AND WAVES 103

We choosenow asthebasecoordinatesystem
, , . Notethatthe
will generatenonzerovelocity componentgor
the and directions.Thelinearizedwave for the
planewave solutions are

Firstwe usethethird equatiornto eliminate  from theseconcequation.

or

substitutioninto the continuity equation

which we cannow substitutdanto Poissons equation:

With thedispersiorrelation

Thesewavesarecalledupperhybrid wavesandthefrequeng is theupperhybridfrequeng. Asin
thecaseof Langmuirwavesthedispersiorrelationdoesnotdependnthewavevector . Theelectrons
againperformanoscillationin themagneticeld, howeverin this caseit is modi ed throughtthegyro
motion.

Exercise: Assumethatthevelocity along is thereal partof . Compute
therealpartsof the and component®f the velocity, the densityperturbatiorandthe elctric
eld. Whataretheelectronorbitsin thewave?
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Electrostaticion waves

As in the sectionon unmagnetizeavaveswe arenow looking for the low frequeng ion wave. In the
sectionon unmagnetizeadvave we have rst neglectedPoissons equationusingthe agumentthatthe
electronsvery ef ciently neutralizethe ion motionwhich leadto theion-acoustiovave. We will also
usewhich simpli es theequationgonsiderablyThelinearizedequationsn this caseare

Note that neutralityimplies . Now
assuminghe magnetic eld alongthe direction
andthe wave vectorin the , plane
(notethat is alongthe vectorbecauseve dis-
cusselectrostatiavaves)we obtain

- /

Y

Components

andthe continuity equation

Sumof theequations

anddot productwith  (divergence)
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Crossproductof the momentumequationwith

Componentgor the electronequation

With the solution

suchthat

or

andfor theionssimilarly

105
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Substitutioninto

or for thedispersiorrelation

for electrostaticon waves.We considetthis relationin variouslimits for a betterunderstanding.

a) Assumethe wave vectoralong , i.e., and the limit of . for this limit the
denominatoof thetermsin bracletsassumes nity providedthat . In this casethe
dispersiorrelationreducego

which is againthe ion-acousticwave now for propagatioralongthe magnetic eld in a magnetized
plasma.For propagatiorof wavesalongthe magneticeld onewould expectto recoser mary of the

propertiesof unmagnetizedvavesbecause¢he magneticeld doesnotin uence the wave properties.
However, one hasto be carefulin applyingthis asa rule. For instancepropertiesof the adiabatic
coefents maydependnthemotionparallelto  andbedifferentfrom anunmagnetizeglasma.

b) Let usnow considetthe casefor in thelimit of . In thiscasethe rst denominatoin
bracletsgoesto in nity suchthatthistermcorvergesto zero. Theremainderof thedispersiorrelation
is

Herewe canalways nd asolutionfor sufciently closeto  whichsatis esthedispersiorrelation
and is asolution. Thesewavesaretheion-cyclotronwaves.

Exercise:Similarly onecanshaw that is asolutionof thedispersiorrelation.

c) Let us now considera wave vector perpendiculato the magnetic eld . In this casethe
dispersiorrelationis

Since onecanneglectthelasttermwith the solution
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Thecorrespondingvavesarethelower hybrid wavesandthe frequeny

is thelower hybrid frequeng.

The physicalinterpretationof the lower hybrid wavesis asfollows. Theelectric eld is along and
the vectoris perpendiculato  suchthatit is concevablethatthe heavy ions follow the electric
eld andtheelectrongerformthe andthe polarizationdrift. The displacemenof theionsis
identicalto thatof theelectrononly if

d) Let us nally considerthe casethat is almostperpendiculasuchthat . In this casethe
frequeny shouldbe closeto theion cyclotronfrequeny and
We canngglectthe secondermin thedenominatobecause andfor

we canngglectthethird termin theabove relationsuchthatwe obtain

Thisis thedispersiorrelationfor electrostaticon-cyclotronwaves.

Summaryof theresultsfor the electrostaticon waves:

| Orientationof | Dispersiorrelation | Wave |
lon-acoustic
lon-cyclotron

Electron-gclotron
lon-cyclotron
Lower hybrid

Exercise: Shav that is asolutionfor thecase

4.5.2 High frequencyelectromagneticmagnetizedwaves
Wavesperpendicular to

As beforefor theunmagnetizedvavesit is necessario extendthediscussiono electromagnetiwaves.
We arelookingfor highfrequeng wave suchthattheion dynamicswill benegected.For simplicity we
will alsoassumea cold plasmawherethe electronpressurecanbe ignored. The linearizedequations
aretherefore
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where : , and . Notethatwe don't usePoissons equationbecausehe above
equationsdo not dependon . This would changeif one usesa warm plasma. In that casethe
perturbedoressures a function of andoneneedsPoissons equationasan additionalequationfor

The basiccoordinatesystemuses , and
we are rst looking for wave with . There
aretwo possibilitiesfor the electric eld: It canei-
therbealongthemagneticeld  with

(the ordinaryor O-mode),or it canbein the ,
planeperpendiculato  (the extraordinaryor X-
mode).

O(ordinary)-mode: In the rst casethe electric eld generates velocity alongthe directionand
the force decouplesrom the equationsvhich give the dispersiorrelationfor electromagnetic
wavesin anunmagnetizeglasma.

X(extraordinary)-mode: If theelectric eld isin
thethe , planetheelectric eld generates ve-
locity inthe , planeandthe term
generates componeniperpendiculato the origi-
nal velocity andperpendiculato  suchthatthis
velocity is alsoentirelyin the , plane. Thuswe
donotneedto considetthe componenbf themo-

mentumequation.This illustratesthatthe ordinary
andextraordinarymodesseparateln this casewith

the component®f the linear

\

equationsare
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Theseare5 equationdor 5 unknavns. Usingthelastthreeequation®onecanexpressthe velocitiesin

termsof theelectric eld which canthenbeusedin the rst two equations.This yieldstwo equations
for and . Writing thesein matrix form solutionsaredeterminedy settingthe determinanbf the
coefcient matrixto O.

With somemanipulationwe canrewrite the dispersiorrelationas

with for theextraordinaryor X-mode.Here is theindex of refraction.

Exercise: Derivethedispersiorrelation

As discussedt the beginningof this derivationthe
X-modehasa vectorperpendiculato the mag-
netic eld andis partially trans\erse
andpartially longitudinal . Solvingthe
dispersiorrelationfor andsubstitutionin one of
theelectric eld equatiorshovsthat and are
out of phasesuchthattheelectric eld vectorsper
formsanelliptical rotationin the , plane.

\

Cutoffs and resonancesTwo importantpropertieof wavesarecutoffs andresonances.

A cutoff is ary frequeng where

A resonancés ary frequeny where

For the dispersiorrelationin theform above the resonanceareeasyto determindn thatthey arethe
frequenciesvherethetermsin thedenominatobecome0.

Thereforetheresonanceareat and

Thecutoffs aredeterminedy settingtherhsto zerosuchthatwe needto solve

Sincethisis aquadraticequationn  thesolutionsaregivenby

which canalsobe expresseds
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Where and referto left andright which will becomeclearin the next section.

Exercise: Derive the resonancdérequenciesrom the dispersiorrelationandshow thatthe two equa-
tionsfor the solutionsto theresonanceareequvalent.

With the knowledgeof the cutoffs andresonances
we candraw thedispersiordiagramfor theindex of
refractionasa functionof frequeng. Theordinary
modecanbeincludedin thisdiagramby notingthat
therefractve index is

Theunderstandingf thesemodeds complemented
by drawing alsotheusualdispersiordaigram

Exercise: Solve the usual dispersionrelation for
theX-mode,i.e.,

Thisdiagramshowsthattherearefrequeng ranges
(bands)in which the dispersionrelation has no
real solutionfor . Theserangesare called stop
bands(originating from radio engineering). The
stopbandsarethe ranges for the O-mode,
and : for the X-mode.

Thedispersiordiagrammfor ~ shavsthatin theserangegherefractve index andthus arenegative
andthereforwe concludethat the modesare evanescenin thesefrequeng rangesandarere ected
whenthey encountema plasmaregion in which the conditionis satis ed. The otherrangesarecalled
passhandshecausevavescanpropagate.

Electromagneticwavesalong

To discusselctromagnetiavavesalong  we usethe samesetof linear equationsasin the caseof
wavesperpendiculato  whichfor the planewave solutionsassumehe form
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Y

and : : , and :

For a consistensolutioncanbefound by W
assuminghatall perturbations , ,and arein

the plane. Writing out the componentf the

linearequations

Usingtheinductionequatiorwe cansubstitute and  in thelasttwo equationgo obtaintheveloc-
itiesin termsof theelectric eld. Thesecanbeusedto eliminatethevelicitiesin the rst two equations
whichyieldstwo equationdor  and . Writing thesein matrix form solutionsaredeterminedoy
settingthe determinantbf the coefcient matrixto O.

With somemanipulationwe canrewrite the dispersiorrelationas

or

or for therefractive index

Exercise: Derivethedispersiorrelation
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Here the wave correspondingo the “+” sign is
called the L-wave meaningleft circularly polar
izedandthewave correspondingo the“ ” signis
calledthe R-wave implying right circular polariza-
tion. Thesetermoriginatefrom the rotationof the
electric eld vector(R correspondso theright hand
rule meaningthe thumb of the right hand points
alongthe k vectorandthe ngers point alongthe

directionof rotationof the electric eld). Thesitu- /‘
ationis cylindrically symmetricwhich impliesthe /
circularpolarizationratherthenanelliptic polariza-

tion for the X-mode.

Y

The rotation of the electric eld for the R-modecorrespondso the rotation of the gyro motion for
electronsFor theelectronsarein pahsewith thewave andarecontinuouslyaccelerateavhich
is the reasonfor the resonance at this frequeng. The L-modehasno resonancebecausat
rotatesn thedirectionoppositeto the electrongyration.

Thecutoffs of thesewavesaredeterminedy whichyields

which arethe sameasfor the caseof the X-mode.
Note that always but dependingon the
valueof  wecanhave or :
The dispersionpropertiesare slightly differentfor
thetwo casesFor thecase thedispersion
relation andthe index of refractionis shavn
in thenext two gures.
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Therearetwo passbandsfor the R mode

and with the cutoff in between. The low
frequeny part of the R modeis often calledelec-
troncyclotronwave. Notethatthe propertief this
wave are quite differentthen for the electrostatic
electron-gclotronwave. For thelowestfrequencies
of the R-mode hasa positive secondderiva-
tive. Thusthephasevelocity andthegroupvelocity
increasewith increasingfrequeng. Thesewaves
arecalledwhistlerwavesbecauséigherfreuencies
travel fasterthenthe lower frequnciesandthusthe
correspondingadiovave generates whistle start-
ing athighfrequenciesnddescendingo lowerfre-
guencies.

TheL modehasits passband with thestop
bandin therange . In the casewith

the L-mode andthe low frequny R-modehave a
frequeng rangein which bothoverlapwhichis not
presenfor .

The high frequeng R-wave has always a higher
phasespeedthanthe L-wave. Thusthe polariza-
tion of theR andtheL componentsotatealongthe
pathof a planewave whichis known asFaradayro-
tationandusedto determinegheplasmadensitieof
laboratoryandspaceplasmas.

This concludesour discussionof the high frequeng electromagnetiovaves. Justasa reminderthe
spectrunof low frequeny electromagnetigvavesis dominatedoy the MHD waves. A completedis-
cussionof electromagnetigvavesincludingelectronandion dynamicsshowvs thatthe MHD wavesare
thelow frequngy branche®f theelectromagnetigvaves.

4.6 Two-streaminstability

Before we concludethis chapteron two- uid propertiesand waves we want to addresgwo further
topics. The rst of theseareinstabilitiesdriven by cold plasmabeams.The secondopic (in the next
sectionare waves causedby plasmadrifts. To considerthe caseof a beamof electronsconsiderthe
following situation. We have the ion populationat restandthe electronsmoving at a velocity of
alongthe directionthroughtheions. In this caseit is sufcient to consideronly the x derivative with
thede nitions . Thelinearizedequationdor this caseare
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Using againa planewave approachone obtains5 equationsfor , , , ,and : Usingthe
continuityequation®n canexpresshevelocitiesin termsof ~ and . Thesecanbeusedin themo-
mentumequationgo obtainrelationsbetween and ,and and whichsubstitutedn Poissons
equationfor thedensitiesyield the dispersiorrelation.

or

Cold plasmaapproximatiordispersiorrelation

Thisis arealequationof fourth orderin . Thisimpliesthatthe complex conjugatds alsoa solution
(in casetheequatiorhasarny complex roots). Thereforehereis alwaysaninstability if theequatiorhas
ary complex roots. It is illustrative to considerthe caseof in nitely massveions. In this case
suchthatthedispersiorrelationhastheroots

Thusions shouldbe importantfor aninstability. Choosingthe® ” signandassuminghatwe needa
low frequng (for theions)in the laboratoryframewe expect . To addresghe problemof
comple rootsandinstability considerthefunction
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This allows a graphicalway of nding the 4 solutionsif

. However asindicatedtheremay be only two
solutionsif . Thisminimumis determinedy
or
Since and the rst andthelasttermin

this equationshoulddominatewith the solutionof

and

Thuswe expectinstability in therangeof

Thesetypesof instabilitiesarevery common.Thefreeenengy for theses therelative streamingpf two
fairly cold plasmabeamgelative to eachother Notethatthedispersiorrelationincludingthe pressure
termsis more stableandthe instability dependn the ratio of thermalto drift velocity. In termsof
theenegy of thetwo beamsanequilibriumwould consitof a singleMaxwellian of equaltemperature.
Thusthe instability is just the mechanisnby which a plasmacon guration which is far from local
thermalequilibriumrelaxesfastinto this equilibrium. Hereit is remarkablehatthis relaxationoccurs
even without ary collisions. Note that the equationswe have useddo not considerary dissipation
(resistvity, viscosityetc.).

Note thatthe analysisof streamingnstabilitiesis usuallydonein a local approximation.This means
thatoneassumeshatthe streamingparticle populationhasno spatialstructurein this approximation.
Clearlya streamof electronghroughionswould createa magneticeld with a gradient.However, in

this approximatiorwe do not considethemagneticeld is negligible andassumehatthegradienthas
alengthscalemuchlargerthanary wave or instability which is consideredheresuchthatthe magnetic
gradientcanbenegglected.If onewould actuallywould consideithe spatialinhomogeneityhe analysis
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would be considerablymore complex. In particulara solutionin termsof fourier modesis possible
only for the directionswith ignorablecoordinates For instancejf anequilibriumis x dependenbne
canusethefourier of wave aproachonly for the and dependencef the perturbationsvhile the
dependenceequireshe actualsolutionof anEigervalueproblem.

4.7 Drift waves

Drift wavesexist becaus@f spatialinhomogeneitiesHereit is importantto understandhatsimilar to
to thelocal approximationn the caseof the two-streaminstability we consideronly the wavesdriven
by thelocalgradientsuchthatthewave lengthsof thesolutionshave to bemuchsmallerthanthetypical
gradientiengthscale.

In thefollowing examplewe considera constantensitygra-
dient. Thetypical frequenciesare assumedsmall enoughto
have the electronscarry out an drift but large enough
to ngglecttheion dynamics.Thegradientis assumean the

direction,the magneticeld is alongthe direction,andthe

wave vectoris mostlyalong with asmallcomponenin the /

\

directionwhich allows the electrongo move alongthe mag-
netic eld. We will alsousethe elctrostaticapproximation,
ie., . Thebasicequationsare

or in linearizedform

Now we have to be carefulregardingthe approximation. Assumingthat the frequng is sufciently
smallto neglecttheelectroninertiathe equationsare
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This demonstrates . Assuming — , the pressurggradientforce beingmuchsmaller
thenthe drift andsubstituting — vyields
suchthat

andsubstitutednto the continuity equation

The componenbf the momentumequationyields

Equatingthetwo equations

De ning thegradientlengthscaleas

andde ning thediamagnetidrift speedas

thedispersiorrelationfor electrostatidrift waveis
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Thereis alarge variiety of drift wavescorrespondindo variousplasmaregimesandapproximations
similar to the ordinaryplasmawaves. Drift wavesareimportantin spaceandlaboratoryplasmas.

An importantpropertyof drift wavesareinstabilitiesat very stronggradients.Suchgradientsexist at
very thin plasmaboundariesvhich implies high drift speeds.In thosecaseshe waves canbecome
unstable.Theinstability hastwo possibleeffects. In both caseghe instability tendsto lower the drift

speedandto thermalizethe correspondingarticlemotion. In the presenc®f a strongdensitygradient
thiswill causediffusionsuchthatthe instability tendsto lower the gradient.In the caseof a magnetic
eld gradientthe drift instabilty is driven by the strangcurrentdensity The ffect of the instability
is to lower the currentdensity Thusthe macroscopieffect is that of a resisitvity evne thoughthe
basicplasmais collisionless.Theresistvity resultingfrom the wave turbulenceis thereforecalledan
anomalousesistvity.



