
Chapter 4

Two Fluid Equationsand Waves

The two �uid equationshave beenderived in the previous chapterwherethey weresimpli�ed to the
setof MHD equations.Herewewantto returnto thesetof two �uid equationsandexamineproperties
which are beyond the usualMHD plasmadescription. Speci�cally this chapterfocusseson waves
andinstabilitiesin thetwo �uid approximation.Many of thesewave alsoexesit in thekinetic plasma
descript.Many of thesewavesexist only in the causeof not exactly charge neutralplasmas.This is
importantonly on relatively small spatialscalescomparablewith theDebyelength. Coorepondingly
theswasehavemuchhigherfrequenciesthenthetypicalMHD waves.Howeverbeforediscussingthese
wavephenomenawe �rst wantto addresspressureanisotropy and�uid plasmadrifts.

4.1 PressureAnisotropy

In many casesthepressurein acollisionlessplasmais not isotropic.Howevertheplasmais usualywell
gyrotropicmeaningthat it is well describedby a parallelandperpendicularpressure.The reasonfor
thegyrotropicpressureis therapidgyromotionwhich isotropizestheplasmamotionef�ciently in the
planeperpendicularto themagnetic�eld. In this casethepressuretensorcanbeexpressedas
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Hereasin theremainderof this subsectionwe have droppedan index � to indicatethat theequations
arevalid for eachparticlespeciesin a plasma. For both pressuresthe ideal gasequationis a good
approximation

�
��� �����
� �

��� � �����
�
�

If theadiabaticapproximationis satis�edit is temptingto usetheconceptof aparallelandperpendicular
entropy �
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��(+*-,/.10 to obtainequationsfor the paralleland
perpendicularpressure.Heretheadiabaticindex canbeobtainedusingthegeneralde�nition
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with � beingthe degreeof freedom. For the parallelmotion we have � � � andfor perpendincular
motion ����� whichyieldstheadiabaticequationsof state
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However, theadiabaticequationsdo not considerthecouplingbetweentheparallelandperpendicular
pressures.For instancetheperpendicularpressureshouldincreaseasa particledistribution move into
a region of larger magnetic�eld strengthwhich is not the casefor the adiabaticequations.Also the
pressuresarecombinedameasurefor theinternalenergy suchthattheequationsshouldsatisfyenergy
conservationwhich is alsonot thecase.

A betterapproximationcanbefoundby consideringtheadiabaticinvariantsof singleparticlemotion.
Averingthemagneticmomentfor aparticledistribution functionyields
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Sincetheaveragemagneticmomentmustbeconserved(if thepartclegyro-motionis fasterthanother
temporalchangesand the gyro radiusis smaller than length scalesof gradientsin the plasma)the
perpendicularadiabaticlaw is
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Theparalleladiabaticequationis morecomplicatedandbasicallyrequiresto considerenergy conser-
vations,i.e., it requiresto integratethecollisionlessBoltzmannequationfor theparallelenergy andfor
theperpendicularenergy separately. Theresultingequationscanbecombinedto
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With thecontinuityequation
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thepressureequationbecomes
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Usingtheidealgaslaws theequationsof statecanbere-writtenas
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Thusaplasmawhichmovesinto aregionof highermagnetic�eld strengthwill haveanincreasingper-
pendicularanda decreasingparalleltemperature.This is for instancethecasefor themagnetosheath
plasmaas it getscloser to the daysidemagnetopausewith the result of an increasingtemperature
anisotropy.

Exercise: Show thattheequationfor theperpendicularkineticenergy is
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Exercise: Show thattheequationfor theparallelkineticenergy is
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Exercise: Show thatby combiningtheabove two equationsandthemomentumequationsfor parallel
andperpendicularpressureonecanderiveeqution4.1.

4.2 Fluid PlasmaDrifts

The�uid equationof motionfor suchaplasmais
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For a stationaryplasmawith suf�ciently smallvelocities(suchthatthe �
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� canbeneglected)the
forcebalanceequationis
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Takingthecross-productof thisequationwith
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Figure4.1: Illustrationof thediamagneticdrift
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which de�nes the �uid drifts in a stationaryplasmacon�guration similar to the singleparticledrifts
discussedearlier. The �rst term is the familiar �

�

�

drift which hasto bepresentasa resultof the
Lorentztransformation.Thesecondandthird termsarenew andnot presentin this form in thesingle
particledrifts. Thenew drifts arisedueto thecollectiveparticleinteractions.

Thesecondtermdecribesa particledrift perpendicularto themagnetic�eld andperpendicularto the
gradientof theperpendicularpressure.Thisdrift is calledthediamagneticdrift. andis presentif either
agradientin thedensityor agradientin thetemperatureof theplasmaexist (or both).

Let us considera gradientin the plasmanumberdensity. Particlesgyratein the magnetic�eld all
in the samedirectionfor the samecharge. However, in the presenceof a densitygradientthereare
moreparticle in the directionof the gradientthan in the oppositedirection. Thus an observer at a
�x edlocationwould seemoreparticlegoingin onedirection(dueto gyromotionanddueto thelarger
numberof particle in the densitygradientdirection) then in the oppositedirection. Thusat a given
locationa netbulk velocity arisesdueto the densitygradient.Note that this doesnot requirefor the
centerof gyromotionto move. Similarly a gradientin thetemperatureresultsin differentgyroradii in
thedirectionof thegradientwith thesamenetresultfor thebulk motion.
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dependson the charge electronsand ions move in oppositedirectionsgiving rise to a diamagnetic
current
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For anonisotropicplasmawecanre-writethelasttermon therhsof (4.3)usingtheradiusof curvature
de�nition as �
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where � is theouternormalof the�eld line curvatureand
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is theradiusof curvature.Thusthisdrift
exists only for curved magnetic�elds similar to the singleparticlecurvaturedrift but it dependson
parallelandperpendicularpressureandit canbe positive or negative dependingon the ratio of these
pressures.Thecorrespondingcurrentdensityis givenby
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Applicationsof thesedrifts to variousplasmaenvironmentsare obvious. In the caseof the Harris
sheetthereis a maximumpressurein thecenterof thecurrentsheet.Thecorrespondingperpendicular
pressuregradientdrivesa diamagneticcurrentwhich in turn accountsselfconsistentlyfor theincrease
in magnetic�eld strengthaway from thecenterof thecurrentsheet.

Exercise: Computethe diamagneticdrift for electronsandiosn for the Harris sheet.Is it consistent
with theHarrissheetcurrent?

Polarization Drifts

Thusfar we have considereda stationarycon�guration. If thereareslow changesin thecon�guration
wecancomputetheadditionaldrifts by includingtheinertiatermin theequationfor theelectric�eld
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andby takingthecross-productwith
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For the�rst termthis resultsin theguidingcenterpolarizationdrift
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known from thesingleparticledrifts. Thesecondtermyieldsanew polarizationdrift which in thecase
of constantmagnetic�eld andtemperatureresultsin���
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Finally fromgeneralizedOhm'slaw oneobtainsadrift similarto theonesabovefrom thecurrentinertia
term: ���
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Thisdrift is amotionof thebulk of theentireplasmasuchthatit doesnotcauseany current.

4.3 BasicTwo Fluid WaveEquations

For mosttwo �uid wavesthefollowing setof equationsis fully suf�cient.
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wherethe index � denoteselectrons(index � ) andions (index � ). The equationsarecompletedwith
Maxwell'sequations
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In the following we will discussvariousexamplesof two �uid waves. Thediscussionwill startwith
wavesin a nonmagnetizedplasma,meaingthat theequilibriumor backgroundmagnetic�eld is zero.
Thereafterwediscussthemagnetizedwaves.Anotherbasicdistinctiontocategorizewavesareelectro-
staticandelectromagneticwaves.In theelectrostaticcasethemagnetic�eld perturbationis zerowhich
implieswith
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� � . Thusthe electric�eld canbe representedby a potential.

Electromagneticwavesareall waveswhichcarryamagnetic�eld perturbation.
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4.4 NonmagnetizedPlasmaWaves

4.4.1 Langmuir wawes

The mostbasicplasmawave is the Langmuirwave which is basicallythe sameasthe spacecharge
oscillationwhichweusedto derive theplasmafrequency. Consideringonly high frequenciessuchthat
theion dynamicscanbeneglectedandadependanceonly on the � coordinatethebasicequationsare

%

�

� 	#�

%

�

	 � 	




	

�

� � �

� 	 � 	#	

%

�




	

�

�




	

�

%

�




	

�

� � �

%

�

�
	 � � � 	��

�

%

�

�

�

�

�

	

	

	 �

�

� � 	 �

Next we linearizetheequationswhereequilibriumpropertieshave anindex 0 andperturbedquantities
anindex 1. Assuming
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andassumingcold electrons� 	 ��� the�rst orderequationsare
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Assumingplanewave solutionsof the form � � � �� ������	 	 �
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rewrite theequationsin algebraicform
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Notethatthedifferentvariablesmayactuallhaveadifferentphasein theplanewavesolution.However,
wecanabsorbthepahseinto theamplitude�

� � etcby allowing theseampplitudeto becomplex.

With � � �
� �

	




���


 weobtainfrom thethird equation

�

��� � � �

� � �

	

	

	







�



CHAPTER4. TWO FLUID EQUATIONSAND WAVES 94

andmultiplicationof thisequationwith thesecondequationin thesetaboveyields
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Thesearethewell known electronplasmaoscillationsnow asaresultof themostbasicelectronplasma
wave. For awarmplasmathiswave is known astheLangmuirwave (Langmuir, 1926).

The electronplasmaoscillationsdo not dependon the wave vector. Thereforethe group velocity
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����� is zeroandtheoscillationsdonot carryenergy.

Exercise: Determinethephaseshift between� � , � � , and
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For a warm plasmathe actualdispersionrelationrequirestricly a kinetic treatment.However, using
intuition wecanguessthetheparticlemotionin thiscaseis one-dimensional.Therefore�
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suchthatwecanincludethelinearizedpressureequation

%

�

�
� � �
�

�

	

%

�




�

with theresult

��� �

�




�
�

	




�

into oursetof equationsfor thedispersion
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This is now theLangmuirwave. Usually � �
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	 is thesoundspeedin a medium.However, since
we have alreadyidenti�ed that � �
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it is the soundspeedin a one-dimensionalmedium. Note also
that the assumptionof the pressureequationassumesthat the electroncompressionis adiabatic,i.e.,
electronstravel only ashortdistancethroughthewaveoverawaveperiod �
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solutioncanbeexpressedas
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Exercise: For asolutionof 
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4.4.2 Dielectric Function

Whenwe comparea wave propagationin a plasmato anordinarymediumonecanre-formulatePois-
son'sequation
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where 	 is thedielectrictensorwhich incorporatesthepropertiesof themediuminto thedisplacement
� . For theone-dimensionalplasmacasewecanre-write
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with thedielectricfunction 	 . Usingthederivationfor theelectronplasmaoscillationsoneobtains
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suchthathedielectricfunctionbecomes
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Notethatthedispersionrelationimplies 	
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For theLangmuirwavePoisson'sequationbecomes
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4.4.3 Ion plasmawaves

Langmuirwavesareatypicalhighfrequency phenomenonfor whichtheion dynamicscanbeneglected.
Here we will considerthe ion motion for the correspondingwaves. The discussionon the plasma
freuency demsontratesthatacorrespondingion oscillationocurrsontheionplasmafrequency 
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Note that in a magnetizedplasmaonehasto considerthe gyro frequenciesaswell with the typical
ordering
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Exercise: Why is 
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	 thetypicalorderingfor aplasma?

Thelinearizedpressureequationscanbecombinedwith thecontinuityequationsto yield

%

�
�

�

%

�

� �
� �

�
�

	
� � �

�
� �

� �
�

�

	

�
�

	
%

�
�

�

%

�



CHAPTER4. TWO FLUID EQUATIONSAND WAVES 97

or
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Thefull setof electronandion equationsis
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Linearizingtheseequationsaswe did beforefor theLangmuirwaveswith
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For low frequency phenomenatheelectronsalwaystendto neutralizethe ion charges.Thusa �rst at-
temptto solvethelinearizedequationcanassume� 	 �
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Takingnow thesumof themomentumequationsyields
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Notethat � 	 and �

� aretheequilibriumtemperatures.Multiplying thecontinuityequationswith � 	 and
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� respectively andtakingthetimederivativeyields
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The nameindicatesthat this wave is really a soundwave, however with the soundspeednot only
determinedby theion temperaturebut alsoby theelectrontemperature(or pressure).Thecouplingto
theelectronsoccursthroughtheelectric�eld. Notethattheelectric�eld waseliminatedby addingthe
two momentumequationswhich introducedtheelectronpressuregradientinsteadof theelectric�eld.
The inertia term in the total momentumequationis dominatedby the ions. Note that thecoef�cients

�
	 and �

� dependmuchon thedetailedkinetic physics.However, sincetheelectronthermalvelocity
	 ��� � 	 �

�
	 �

���

���


 � theelectronstypically remainisothermalimlying �
	 �3� . Therearealsovarious

plasmaenvironmentsin whichtheelectrontemperatureactuallydominatessuchthattheionsoundspeed
becomes
 �

� 	 ����� 	 �
�

�

� .

Tosolvethefull setof electronandionequationswetakethetimederivativesof thecontinuityequations
andthex derivaitvesof themomentumequations
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andsubstitutingthemomentumequationsin thecorrespondingcontinuityequations
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Usingtheplanewaveapproach� � � �� ��� �
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� thebasicequationsare
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andsubstitutionof �
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� and � 	 � in Poisson'sequationyields
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wherewehaveused
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Thusthedispersionrelationbecomes
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This dispersionrelationcontainsboththeion wave aswell astheLangmuirwavesolution.In thecase
of 
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	 weobtaintheLangmuirwave. For 
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	 thesolutionis obtainedfrom
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Note thatwe couldhave arrivedat this resultalsoby neglectingthe elctroninertia term in the above
equations.For valuesof �

�

�

�

�

	

�

� we obtaintheprior dispersionrelationfor ion-acousticwaves. In
thecaseof �

�

�

�

�

	

�

� thesecondtermdominates.In this limit thewave frequency approachestheion
plasmafrequency.
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TheLangmuirandion wavedispersionis illustratedin theabove�gure. Theasymptoticvaluesarethe
electronandthe ion plasmafrequency. The ion wave hasa slopeof  "! andthe limiting slopefor the
langmuirwavewas

# $&%('*)

.

4.4.4 Electromagneticwaves

Theonly otherclassof wavesin anumagnetizedplasmaareelectromagneticwaves.Theseareusually
high frequency wave suchthattheion dynamicscanbeneglected.We will furtherassume+-,/.

)1032

suchthat 4&5

)76

498

0:2

andPoisson's equationbecomes+-,<;

0=2

. Togetherwith +>,<?

0@2

we have
theconditionsAB,�?

0C2

and AB,�;

0C2

. A wavesatisfyingthelastconditionis calledtransverse.Thus
thesetof basicequationsfor thesewavesis

+EDF;

0 GIH&J

?

+EDK?

0 GML(NPO

5

)

.

)RQ S

 PT

H&J

;

U

)

5

)WV�H&J

.

)WQ

.

)

,<+X.

)ZY[0 G

+]\

)^G_O

5

)WV

;

Q

.

)

DK?

Y

Linearizingtheseequationwherewe assume.

)`N]0=2

. Furtherwith 5

)I0@2

=> \

)baI0=2

andwe can
neglect .

)

DK? becauseweconsideronly lineartermsin theperturbation

+EDF;

0 GIH9J

?

+EDK?

0 GML(NPO

5

N

.

)WQ
S

 cT

H9J

;

U

)

5

NPH&J

.

)d0 GIO

5

N

;

Takingthecurl of theinductionequationoneobtains
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Assuminga planewave with the � vectoralong �

onecanchoose� alongthe � direction( � ��� � � )
suchthat

�

is alongthe � direction.Thisyields
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In the limit of zerodensitywe have 
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	�� � and
thus recover the dispersionrelation for free space
light waves: 
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�

�

 . The dispersionrelationis

sketchedin the�gure to theright.
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In the limit of zerodensitywe have 


�

	�� � andthusrecover the dispersionrelationfor free space
light waves: 


�

�

�

 .

It is instructive to recalltheindex of refractionin opticalmediaas
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For theelectromagneticwaveswehave
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�

.
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Thusthe index of refractionandthereforethe wavevector � becomeimaginarywhen 


�




�

	 . This
corespondsto evanescenceof thewave in this medium. In a mediumwith a positive densitygradient
theplasmafrequency increasein thedirectionof thedensitygradient.An electromagneticwave prop-
agatingin this mediumre�ects at thepoint 


�




�

	 which thepoint of critical densitygradient.This
effect is importantin laserfusionandin theinteractionof radiowavewith theionosphere.

Exercise: Sketchthegroupvelocity andthephasevelocity for electromagneticwavesin anumagne-
tizedplasma.
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4.5 MagnetizedPlasmaWaves

So far we consideredunmagnetizedplasmawaves. In the next sectionwe considerplasmawavesin
a plasmawith a homogeneousmagnetic�eld background.This providesan additionalcomplication
or degreeof freedom.Theunmagnetizedplasmawaveshave beenisotropicin thesensethat thewave
dispersiondoesnotdependonthedirectionof thewavepropagation.In thepresenceof amagnetic�eld
thedirectionof thewavevectorrelative to themagnetic�eld will becomeimportant.In classifyingthe
magnetizedplasmawavestherearethefollowing importantpropertiesto consider

� If � is along the magnetic�eld the wave is calledparallelwhile for � �

�

	

� � the wave is
perpendicular.

� If thewave vektor is parallelto theperturbedelectric�eld thewave is calledlongitudinal. For
� �	� � ��� thewave is transverse.

� If theperturbedmagnetic�eld
�

� � � thewave is calledelectrostaticandfor
�

��� � � thewave
is electromagnetic.We haveseenalreadythattheMHD waveareall electromagnetic.

Not all wave canbesimply classi�ed in thesecategories.For instancea wave with a wave vectorthat
hasa45degreeanglewith themagnetic�eld is neitherparallelnorperpendicular. Theseclassi�cations
areals not independent.Using faraday's law (inductionequation)�

�

�
�

%

�

�

%

� � � we obtain
�

�

�
� �




�

. For longitudinalwaves �
�

�
� �!� suchthatlongitudinalwavesareelectrostatic.Vice

versatransversewavesareelectromagnetic.We will start the following discussionwith electrostatic
wavesanddiscusselectromagneticwave in thesecondpartof this section.

4.5.1 Electrostaticmagnetizedwaves

Upper hybrid waves

Let us�rst considerthehigh frequency electrostaticwaves.As beforewecanneglecttheion dynamics
in this case(they form a backgroundwith charge �

	 ) andwe considera cold plasma� 	 ��� . We also
assumethewave to be longitudinali.e. thewave vectoris alongtheelectricfeild perturbationwhich
accordingto ourprior commentsimpliesanelectrostaticwave. Theresultingbasicequationsare
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Exercise: Why aretheotherMaxwell equationsignored?
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Wechoosenow asthebasecoordinatesystem� � �

� ���

� , � �����

� ,
�

	

�

�

	

��� . Note that the � 	 �

�

will generatenonzerovelocity componentsfor
the � and � directions.Thelinearizedwave for the
planewavesolutions� � � �� ��� �
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First weusethethird equationto eliminate


	�� from thesecondequation.
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substitutioninto thecontinuityequation
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whichwecannow substituteinto Poisson'sequation:
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With thedispersionrelation
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Thesewavesarecalledupperhybridwavesandthefrequency 


�

��� is theupperhybrid frequency. As in
thecaseof Langmuirwavesthedispersionrelationdoesnotdependonthewavevector � . Theelectrons
againperformanoscillationin themagnetic�eld, however in this caseit is modi�ed throughtthegyro
motion.

Exercise: Assumethat thevelocity along � is therealpartof 


�

� � �




�

������	�	 �

��


���

�

�

�

� . Compute
therealpartsof the � and � componentsof thevelocity, thedensityperturbationandtheelctric
�eld. Whataretheelectronorbitsin thewave?
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Electrostatic ion waves

As in thesectionon unmagnetizedwaveswe arenow looking for the low frequency ion wave. In the
sectionon unmagnetizedwave we have �rst neglectedPoisson's equationusingtheargumentthat the
electronsvery ef�ciently neutralizethe ion motionwhich leadto the ion-acousticwave. We will also
usewhichsimpli�es theequationsconsiderably. Thelinearizedequationsin this caseare
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Note that neutrality implies � 	 �)�

�

��� � . Now
assumingthe magnetic�eld along the � direction

�
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� � andthe wave vectorin the � , � plane
(notethat � is alongthe � vectorbecausewe dis-
cusselectrostaticwaves)weobtain
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andthecontinuityequation
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anddotproductwith � (divergence)
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Componentsfor theelectronequation
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Substitutioninto
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for electrostaticion waves.Weconsiderthis relationin variouslimits for abetterunderstanding.

a) Assumethe wave vector along
�

	 , i.e., � � � � � and the limit of �
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� � . for this limit the
denominatorof thetermsin bracketsassumesin�nity providedthat 
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dispersionrelationreducesto
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which is againthe ion-acousticwave now for propagationalongthe magnetic�eld in a magnetized
plasma.For propagationof wavesalongthemagnetic�eld onewould expectto recover many of the
propertiesof unmagnetizedwavesbecausethemagnetic�eld doesnot in�uence thewave properties.
However, one hasto be careful in applying this as a rule. For instancepropertiesof the adiabatic
coef�ents maydependon themotionparallelto

�

	 andbedifferentfrom anunmagnetizedplasma.

b) Let usnow considerthecasefor 
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� � . In thiscasethe�rst denominatorin
bracketsgoesto in�nity suchthatthis termconvergesto zero.Theremainderof thedispersionrelation
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Herewecanalways�nd asolutionfor 
 suf�ciently closeto 


�

� whichsatis�esthedispersionrelation
and 
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�

� is asolution.Thesewavesaretheion-cyclotronwaves.

Exercise:Similarly onecanshow that 
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	 is asolutionof thedispersionrelation.

c) Let us now considera wave vectorperpendicularto the magnetic�eld ��� � � . In this casethe
dispersionrelationis

� �

�

�




�

�




�

�




�

	




�

�




�

�




�

�

�




�

���

Since


�

�

�




�

	 onecanneglectthelasttermwith thesolution
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Thecorrespondingwavesarethelowerhybridwavesandthefrequency
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is thelowerhybrid frequency.

Thephysicalinterpretationof the lower hybrid wavesis asfollows. Theelectric�eld is along � and
the � vectoris perpendicularto

�

	 suchthat it is conceivablethat the heavy ions follow the electric
�eld andtheelectronsperformthe �
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andthepolarizationdrift. The � displacementof theionsis
identicalto thatof theelectronsonly if 
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d) Let us �nally considerthecasethat � is almostperpendicularsuchthat �
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We canneglectthesecondtermin thedenominatorbecause� � �-�
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wecanneglectthethird termin theaboverelationsuchthatweobtain
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This is thedispersionrelationfor electrostaticion-cyclotronwaves.

Summaryof theresultsfor theelectrostaticion waves:
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Exercise: Show that 


�!� is asolutionfor thecase� � �!� .

4.5.2 High fr equencyelectromagneticmagnetizedwaves

Wavesperpendicular to
�

	

As beforefor theunmagnetizedwavesit is necessaryto extendthediscussionto electromagneticwaves.
Wearelookingfor highfrequency wavesuchthattheion dynamicswill benegected.For simplicity we
will alsoassumea cold plasmawheretheelectronpressurecanbe ignored. The linearizedequations
aretherefore
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where � � � � ,
�

�

�

� , and � � � 	 � . Note thatwe don't usePoisson's equationbecausetheabove
equationsdo not dependon � 	 � . This would changeif one usesa warm plasma. In that casethe
perturbedpressureis a functionof � 	 � andoneneedsPoisson's equationasanadditionalequationfor

� 	 � .

Thebasiccoordinatesystemuses
�

	

�

�

	

��� , and
we are�rst looking for wave with � � ���

� . There
aretwo possibilitiesfor theelectric�eld: It canei-
therbealongthemagnetic�eld

�

	 with � � � � �����

(the ordinaryor O-mode),or it canbe in the � , �

planeperpendicularto
�

	 (theextraordinaryor X-
mode). �

�

�

� �

�

� �

�	�

�


���
��	���

O(ordinary)-mode: In the �rst casethe electric �eld generatesa velocity alongthe � directionand
the �

�

�

	 forcedecouplesfrom theequationswhich give thedispersionrelationfor electromagnetic
wavesin anunmagnetizedplasma.
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X(extraordinary)-mode: If the electric�eld is in
the the � , � planethe electric�eld generatesa ve-
locity � in the � , � plane and the �

�

�

	 term
generatesa componentperpendicularto the origi-
nal velocity andperpendicularto

�

	 suchthat this
velocity is alsoentirely in the � , � plane.Thuswe
donotneedto considerthe � componentof themo-
mentumequation.This illustratesthat theordinary
andextraordinarymodesseparate.In thiscasewith

�
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� � ��� � the componentsof the linear
equationsare
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Theseare5 equationsfor 5 unknowns. Usingthelastthreeequationsonecanexpressthevelocitiesin
termsof theelectric�eld which canthenbeusedin the�rst two equations.This yieldstwo equations
for �

� and � � . Writing thesein matrix form solutionsaredeterminedby settingthedeterminantof the
coef�cient matrix to 0.

With somemanipulationwecanrewrite thedispersionrelationas

�

�
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with 
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���

�




�

�

	

�




�

�

	 for theextraordinaryor X-mode.Here � is theindex of refraction.

Exercise: Derive thedispersionrelation

As discussedat thebeginningof this derivationthe
X-modehasa � vectorperpendicularto the mag-
netic �eld andis partially transverse �

�

�
� �� �

andpartially longitudinal �
���

� �� � . Solving the
dispersionrelationfor 
 andsubstitutionin oneof
theelectric�eld equationshowsthat �

� and � � are
out of phasesuchthattheelectric�eld vectorsper-
formsanelliptical rotationin the � , � plane. �

�

�

� �

�

�

� �

�
	���
����

� �

Cutoffs and resonances:Two importantpropertiesof wavesarecutoffs andresonances.

� A cutoff is any frequency where � � � .

� A resonanceis any frequency where � �

��� .

For thedispersionrelationin theform above theresonancesareeasyto determinein that they arethe
frequencieswherethetermsin thedenominatorbecome0.

Thereforetheresonancesareat 


��� and 
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��� .

Thecutoffs aredeterminedby settingtherhsto zerosuchthatweneedto solve
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Sincethis is a quadraticequationin 
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thesolutionsaregivenby
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whichcanalsobeexpressedas
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Where
�

and
�

referto left andright which will becomeclearin thenext section.

Exercise: Derive theresonancefrequenciesfrom thedispersionrelationandshow that the two equa-
tionsfor thesolutionsto theresonancesareequivalent.

With the knowledgeof the cutoffs andresonances
wecandraw thedispersiondiagramfor theindex of
refractionasa functionof frequency. Theordinary
modecanbeincludedin thisdiagramby notingthat
therefractive index is
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Theunderstandingof thesemodesis complemented
by drawing alsotheusualdispersiondaigram%'&)(+* .

Exercise: Solve the usual dispersionrelation for
theX-mode,i.e., %'&,(+* .

Thisdiagramshowsthattherearefrequency ranges
(bands) in which the dispersionrelation has no
real solution for % . Theserangesare called stop
bands(originating from radio engineering). The
stopbandsarethe ranges-/.102%436587 for the O-mode,
and -9.10 %;:<7 , - %>=#?<0 %A@B7 for theX-mode.
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Thedispersiondiagrammfor Z4[ showsthatin theserangestherefractive index andthus
(

arenegative
andthereforwe concludethat the modesareevanescentin thesefrequency rangesandarere�ected
whenthey encountera plasmaregion in which the conditionis satis�ed. Theotherrangesarecalled
passbandsbecausewavescanpropagate.

Electromagneticwavesalong \^]

To discusselctromagneticwavesalong \^] we usethe samesetof linear equationsas in the caseof
wavesperpendicularto \^] which for theplanewavesolutionsassumetheform
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� , � � � 	 � , and
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��� .
For � � � � � a consistentsolutioncanbefoundby
assumingthatall perturbations� ,

�

, and � arein
the � � plane. Writing out the componentsof the
linearequations
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Usingtheinductionequationwecansubstitute�&� and ��� in thelasttwo equationsto obtaintheveloc-
ities in termsof theelectric�eld. Thesecanbeusedto eliminatethevelicitiesin the�rst two equations
which yields two equationsfor �

� and �

� . Writing thesein matrix form solutionsaredeterminedby
settingthedeterminantof thecoef�cient matrix to 0.

With somemanipulationwecanrewrite thedispersionrelationas
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Exercise: Derive thedispersionrelation
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Here the wave correspondingto the “+” sign is
called the L-wave meaningleft circularly polar-
izedandthewave correspondingto the“ � ” signis
calledtheR-wave implying right circularpolariza-
tion. Thesetermoriginatefrom the rotationof the
electric�eld vector(Rcorrespondsto theright hand
rule meaningthe thumb of the right handpoints
alongthe k vectorand the �ngers point alongthe
directionof rotationof theelectric�eld). Thesitu-
ation is cylindrically symmetricwhich implies the
circularpolarizationratherthenanelliptic polariza-
tion for theX-mode. �

�

�

� � ���

� 	 


�

The rotationof the electric �eld for the R-modecorrespondsto the rotationof the gyro motion for
electrons.For %�� %/,25 theelectronsarein pahsewith thewaveandarecontinuouslyacceleratedwhich
is the reasonfor the resonance(
� � at this frequency. The L-modehasno resonancesbecauseit
rotatesin thedirectionoppositeto theelectrongyration.

Thecutoffs of thesewavesaredeterminedby ( � . whichyields
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365
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[

, 510��

which arethesameasfor thecaseof theX-mode.
Note that % @�� %/,25 alwaysbut dependingon the
valueof % 3#5 wecanhave %A:�� %/,25 or %A:�� %-,25 .
The dispersionpropertiesareslightly differentfor
thetwo cases.For thecase% :�� %-,25 thedispersion
relation %'&,(1* andthe index of refractionis shown
in thenext two �gures.
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Thereare two passbandsfor the R mode �

�

�




�

	��

and � 
��

�

�

� with the cutoff in between. The low
frequency part of the R modeis often calledelec-
troncyclotronwave. Notethatthepropertiesof this
wave are quite different then for the electrostatic
electron-cyclotronwave.For thelowestfrequencies
of the R-mode 


	 � � hasa positive secondderiva-
tive.Thusthephasevelocityandthegroupvelocity
increasewith increasingfrequency. Thesewaves
arecalledwhistlerwavesbecausehigherfreuencies
travel fasterthenthe lower frequnciesandthusthe
correspondingradiowave generatesa whistlestart-
ing athighfrequenciesanddescendingto lowerfre-
quencies.
TheL modehasits passband � 
��

�

�

� with thestop
bandin therange�

�

�
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� . In thecasewith 
��

�
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the L-modeand the low frequncy R-modehave a
frequency rangein whichbothoverlapwhich is not
presentfor 
���� 


�

	 .
The high frequency R-wave has always a higher
phasespeedthan the L-wave. Thus the polariza-
tion of theR andtheL componentsrotatealongthe
pathof aplanewavewhichis known asFaradayro-
tationandusedto determinetheplasmadensitiesof
laboratoryandspaceplasmas.
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This concludesour discussionof the high frequency electromagneticwaves. Justasa reminderthe
spectrumof low frequency electromagneticwavesis dominatedby theMHD waves. A completedis-
cussionof electromagneticwavesincludingelectronandion dynamicsshows thattheMHD wavesare
thelow frequncy branchesof theelectromagneticwaves.

4.6 Two-streaminstability

Beforewe concludethis chapteron two-�uid propertiesandwaveswe want to addresstwo further
topics. The �rst of theseareinstabilitiesdrivenby cold plasmabeams.Thesecondtopic (in thenext
sectionarewavescausedby plasmadrifts. To considerthe caseof a beamof electronsconsiderthe
following situation. We have the ion populationat restandthe electronsmoving at a velocity of 7

	

alongthe � directionthroughtheions. In this caseit is suf�cient to consideronly thex derivativewith
thede�nitions �

	 �




	 � �

�

�
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� . Thelinearizedequationsfor this caseare
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Using againa planewave approachoneobtains5 equationsfor � 	 � , �

�

� , 


	 , 


� , and � : Using the
continuityequationsoncanexpressthevelocitiesin termsof � 	 � and �

�

� . Thesecanbeusedin themo-
mentumequationsto obtainrelationsbetween� 	 � and � , and �

�

� and � whichsubstitutedin Poisson's
equationfor thedensitiesyield thedispersionrelation.
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Cold plasmaapproximationdispersionrelation
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This is a realequationof fourth orderin 
 . This impliesthatthecomplex conjugateis alsoa solution
(in casetheequationhasany complex roots).Thereforethereis alwaysaninstability if theequationhas
any complex roots.It is illustrative to considerthecaseof in�nitely massive ions. In this case
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suchthatthedispersionrelationhastheroots
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Thusionsshouldbeimportantfor an instability. Choosingthe“ � ” signandassumingthatwe needa
low frequncy (for the ions) in the laboratoryframewe expect �
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This allows a graphicalway of �nding the 4 solutions if
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	 �
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� � � . However as indicatedtheremay be only two
solutionsif
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� . Thisminimumis determinedby
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thisequationshoulddominatewith thesolutionof

w

��� �
	 w)

�
� �

�

�

w

��� �
� w)

�
� �

�

�

%��

�

� 5

��� �"!$#&%

(('
]

and )

*,+�-

&,( 02% */.

�

%
[

30�

& � 5

0

����*

[

#&%

(

[

'
[

]

�

%
[

365

(

[

'
[

]

�

(

�

� 5

���
�1!$#&%

�

'

)

%
[

365

(

[

'
[

]

Thusweexpectinstability in therangeof 2

(('
]

243

% 365

Thesetypesof instabilitiesareverycommon.Thefreeenergy for theseis therelativestreamingof two
fairly coldplasmabeamsrelative to eachother. Notethatthedispersionrelationincludingthepressure
termsis morestableandthe instability dependson the ratio of thermalto drift velocity. In termsof
theenergy of thetwo beamsanequilibriumwouldconsitof asingleMaxwellianof equaltemperature.
Thus the instability is just the mechanismby which a plasmacon�guration which is far from local
thermalequilibriumrelaxesfastinto this equilibrium. Hereit is remarkablethatthis relaxationoccurs
even without any collisions. Note that the equationswe have useddo not considerany dissipation
(resistivity, viscosityetc.).

Note that theanalysisof streaminginstabilitiesis usuallydonein a local approximation.This means
thatoneassumesthat thestreamingparticlepopulationhasno spatialstructurein this approximation.
Clearlya streamof electronsthroughionswould createa magnetic�eld with a gradient.However, in
thisapproximationwedonotconsiderthemagnetic�eld is negligible andassumethatthegradienthas
a lengthscalemuchlargerthanany waveor instabilitywhich is consideredheresuchthatthemagnetic
gradientcanbeneglected.If onewouldactuallywouldconsiderthespatialinhomogeneitytheanalysis
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would be considerablymorecomplex. In particulara solutionin termsof fourier modesis possible
only for thedirectionswith ignorablecoordinates.For instance,if anequilibriumis x dependentone
canusethe fourier of wave aproachonly for the � and � dependenceof theperturbationswhile the �

dependencerequirestheactualsolutionof anEigenvalueproblem.

4.7 Drift waves

Drift wavesexist becauseof spatialinhomogeneities.Hereit is importantto understandthatsimilar to
to thelocal approximationin thecaseof thetwo-streaminstability we consideronly thewavesdriven
by thelocalgradientsuchthatthewavelengthsof thesolutionshaveto bemuchsmallerthanthetypical
gradientlengthscale.

In thefollowing examplewe considera constantdensitygra-
dient. The typical frequenciesareassumedsmall enoughto
have theelectronscarryout an �

�

�

drift but largeenough
to neglecttheion dynamics.Thegradientis assumedin the �

direction,themagnetic�eld is alongthe � direction,andthe
wavevectoris mostlyalong � with asmallcomponentin the �

directionwhich allows theelectronsto move alongthemag-
netic �eld. We will alsousethe elctrostaticapproximation,
i.e., �
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��� . Thebasicequationsare �
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Now we have to be careful regardingthe approximation.Assumingthat the frequncy is suf�ciently
smallto neglecttheelectroninertiatheequationsare
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The � componentof themomentumequationyields
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Equatingthetwo equations
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thedispersionrelationfor electrostaticdrift wave is
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Thereis a large variiety of drift wavescorrespondingto variousplasmaregimesandapproximations
similar to theordinaryplasmawaves.Drift wavesareimportantin spaceandlaboratoryplasmas.

An importantpropertyof drift wavesareinstabilitiesat very stronggradients.Suchgradientsexist at
very thin plasmaboundarieswhich implies high drift speeds.In thosecasesthe wavescanbecome
unstable.Theinstability hastwo possibleeffects. In bothcasesthe instability tendsto lower thedrift
speedandto thermalizethecorrespondingparticlemotion. In thepresenceof astrongdensitygradient
this will causediffusionsuchthat theinstability tendsto lower thegradient.In thecaseof a magnetic
�eld gradientthe drift instabilty is driven by the strangcurrentdensity. The ffect of the instability
is to lower the currentdensity. Thus the macroscopiceffect is that of a resisitvity evne thoughthe
basicplasmais collisionless.Theresistivity resultingfrom thewave turbulenceis thereforecalledan
anomalousresistivity.


