
Chapter 5

PlasmaKinetic Theory

5.1 Klimonto vich Equation

5.1.1 Intr oduction

Startfrom �rst principles=> exactplasmadescription

Singleparticle:

� location
�������	�

, velocity 
 �����	�
=> 6 degreeof freedom
=> six-dimensionalspace� Densityof theparticlein this space:� ����
���
��	�������������������	����������� 
 �����	���

with:
������� ���!���	�����"����#$��%&�����	�	�����(')�+*,�!���	�������.-/�10��!���	������

Diracdeltafunction

Consider�3254 particles of species6 :
Densityof thisdistribution in phasespace:

�)4 ����
���
��	����798�:;< = � ������� �
< ���	�	�>������� 
 < ���	���

andfor all species: � � ; 4 �)4 ���?
���
��	�
Particle motion: @� < � 
 < ���	�@


 < � A 4B 4DCFE ���
< ���	�!
��	�HG A 4B 4 


< ���	��I�J E �(�
< ���	�!
��	�
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To solvetheequationsof motionweneedMaxwell'sequations

��� C E ����
	�	� � �� 2 ��� ����
��	����DJ E ����
	�	� � �
� I CFE ����
��	�,G
	

J E ����
	�	�	 � � �
� I�J E ���?
��	� � ��
� 	 C E ����
	�	�	 � � � 2�� E ����
��	�

( B standsfor microscopic�elds) with thechargeandcurrentdensities(sources)

� E � ����
��	� � ; 4 A 4
���
� ������� �34 ����
���
��	�

� E ����
��	� � ; A 4 ���� � � � � � �34 ����
	� 
	�	�
Theaboveequationsfully determinetheentiresytemof particles.

Initial valueproblem:

�)4 ����
	� 
	����� � ��� CFE ����
������ � 
 J E ����
������ �
=> Integrateequationsin time.

5.1.2 Klimonto vich Equation

Timeevolutionof thedistribution function � 4 ����
���
��	� :
	 �34 ���?
���
��	�

	 � � ��798�:;< = �
@� < ��� � ������� � < ���	�	�>������� 
 < ���	���

��7 8�:;< = �
@

 < ��� ! ������� � < ���	��� ������� 
 < ���	���

Note:

	#" �%$3�'&!�
	 $

� � 	#" �%$ �(&!�
	 &

� " �*) ���	�	�
� �

� � "
� )
� )
� �

Substitute:

@� <
and

@

 <
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	 �34 ����
���
��	�
	 � � � 7 8�:;< = � � � ��� ������� �

< ���	������� ��� 
 < ���	�	�
��798�:;< = �

� A 4B 4 C E ����
	�	�,G A 4B 4 � I�J E ����
��	��� � � ! ������� �
< ���	����������� 
 < ���	�	�

whereweused " � $ �	��� $)�'&!� � " � &!�	���%$)�'&!� .
Exercise: Prove that the lastequationfor � 4 ���?
���
��	� is correctandin particularthatonecanreplace
 < ���	��I�J E �(�

< ���	�!
��	�
with

� I�J E ����
��	� in thisequation.

As the �nal stepwe cannow take the
�'� ���

and ��� :E : C E
����
��	�,G � :E :

��I�J E ����
��	��� in front of the
summationwhichyieldstheKlimonto vich equation

	 �34
	 � G � � ��� �)4 G A 4B 4 � CFE G � I�J E � � � ! �34 ���

Togetherwith theMaxwell'sequationandthede�nitions for chargeandcurrentdensitiesthisprovides
a full descriptionof theplasmadynamics!

However, sincethedistribution is adistributionof deltafunctionsit still requiresbasicallyto follow all
individualparticleswhich in typicalapplicationis not feasibleevenonmodernsupercomputers.

Propertiesof the Klimonto vich equation

� Incompressibilityin phasespace:Hypotheticalpointparticleat
�

,
�

total timederivative 		 � � 	
	 � G �

�
� �
� � � G � �

� �
� � !

=> Klimontovich equation 	
�)4 ���?
���
��	�	 � � �

=> alongeach(hypothetical)path � 4�
 6 constant!� Conservationof particles(continuity): 	 "
� 	 �HG ��� � ��� " ��� �
In 6-dimensionalphasespacewecande�ne

��� � � ���>
 ��! �
and 
 � � � � � � � 
 � � � � �	� =>

	 �)4
	 � G ��� � � 
��)4 � � �

Klimontovich eq.mustsatisfycontinuity!
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5.1.3 PlasmaKinetic Equation

TheKlimontovich distribution is adistributionof
�

functions=> needto reduceamountof information
(weknow thata plasmabehavecollectively soit is notnecessaryto follow eachindividualparticle.).

=> generatesmoothdistributionusinganappropriateaverage

Rigorousway:

� Ensembleaverageover in�nite numberof realizations,e.g.,with a temperaturecontact=> statis-
tical mechanics

Alternatively:

� De�ne boxessize� # , � � with � #�� ����� andcountparticlesin range� ��
��
	 to � �$G � ��
	� G � �
	
=> " 4 � � :��
��������

De�ne �uctuations

�34 ����
���
��	� � " 4 ����
	� 
	�	� G � �34 ����
���
��	�
C E ����
��	� � C � ��
��	�,G � C ����
	�	�J E ����
��	� � J"���?
��	�HG � J�� ��
��	�

suchthat: � � � 4�� , � � C � , � � J � � �
=>

	 " 4
	 � G+� ��� � " 4 G A 4B 4 � C G � I�J � � ��! " 4 � A 4B 4 � �(� C G � I�� J � � � ! � �)4��

� Left side- collectiveeffects� right side-collisionaleffects

Continuumlimit: �32�� �
� right side:�uctuations

� � 4�� � ��� �2 (statisticalmechanics)� C � � � �)4!�
�
7 8 �

��� �2 � � � ��� �2
=> right side � const

=> left side � �)2�� �
Which yieldsthecollisionlessBoltzmann equations:

	#" 4
	 � G+� ��� � " 4 G A 4B 4 � C G � I�J � � ��! " 4 ���
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Complementedwith Maxwellsequationsandwith thede�nitions for chargeandcurrentdensity

��� C � ��
��	� � �� 2 ��� ����
��	����DJ�� ��
��	� � �
� I C � ��
��	� � � 	 J�����
��	�

	 �� I�J�� ��
��	� � � 2�� ����
��	�,G �� � 	 C ���?
��	�	 ���� ����
��	� � ; 4 A 4
� �
� � � � � " 4 ����
	� 
	�	�

� � ��
��	� � ; A 4 � �� � � � � � " 4 ���?
���
��	�
yield theVlasov equations.

5.2 Liouville Equation

5.2.1 Conceptof a system

Moti vation:

UseLiouville equation=> derivationof akineticequation(right handesideof theBoltzmannequation)

Note:Klimontovich equation- Behaviour of individualparticles

One particle:

� spatialcoordinateof thesystem
����� ��# �!
�' � 
 - � �

� velocitycoordinateof thesystem
����� � � 
 � 
 ��� �!
 � � �5�� Particleorbit (asbefore)by

���!���	�
and 
 �����	�� Systemcoordinates:

���?�!
�� �	��� ��# �!
 ' � 
 - �!
 � 
 � 
 ��� �!
 � � � � (6 coord)� Densityof systems:� ����
���
��	��������� � ���������	��������� � � 
 �����	�	�
Onesystemconsistingof oneparticle

2 particles:

� 12coordinatesfor oursystem� Phasespace:
���?�!
	� � 
�� � 
�� � � � ��# � 
 ' � 
 - �!
 � 
 � 
 ��� � 
 � � � 
�# � 
�' � 
 - � 
 � 
 � 
 ��� � 
 � � � �
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� Density:� ����
���
��	��������� � ���������	��������� � � 
 �����	�	������� � � � � ���	���>����� � � 
 � ���	���
1 systemconsitingof 2 particles

Generalisation to �32 particles => Phasespacehas6N coordinates

Density:

� ��� �!
�� � 
�� � 
�� � 
 ����� � 798 
�� 798 
��	� � 7 8�< = 2 �����
< � � < ���	�	�>����� < � 
 < ���	���

5.2.2 Liouville equation

Interestedin thetimeevolutionof � andwith

	 � ��� < � � < ���	���
	 � � � � �

< ���	�
� �

� ����������� < � � < ���	���
=>

	 � ����
���
��	�
	 � � � 798;< = �

@� < � �����,798�< = 2 �����
< � � < ���	�	������� < � 
 < ���	���

� 798;< = �
@

 < � ��!�� 798�< = 2 �����

< � � < ���	�	������� < � 
 < ���	���
As beforewecansubstitute(note

� <
insteadof

� < ���	�
and
� <

insteadof 
 < ���	� in theLorentzforce!):@� < � 
 < ���	�@

 < � A 4B 4 � C E ���

< 
��	�,G � < I CFE ���
< 
	�	��	

Suchthat 	 �
	 � G 798;< = � �

< � � ��� � G 798;< = �
@

 < ��� !�� � � �

which is Liouville' sequation.

Properties:

(a)
		 � � ��� � 
�� � 
�� � 
�� � 
 ����� � 798 
�� 798 
��	�����

with
		 � � 	

	 � G 798;< = � �
< � � ���>G 798;< = �

@

 < � � !��

=> incompressibility
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(b) Continuity

� < � � ��� � � �����#� ��� < � �@

 < � � !�� � ��!��#���

@

 < ���

because ��!�� �
@

 < � ��� � A 4B 4 � CFE ���

< 
��	�,G+� < I C E ���
< 
��	� 	 � ���

=>

	 �
	 � G 798;< = � ����� � ���

< � �,G 798;< = � � !�� ���
@

 < ��� ���

Probability density:

Ensembleof systems� :

Def.:
" 798 ��� �!
�� � 
	� � 
�� � 
 ����� � 7 8 
�� 798 
��	� � � � � � � � � � � � � ����� � � 798 � � 798

is theproability that��� ���	�
is in theinterval � �?�!
�� �,G � � ��	 
 � � ���	� is in theinterval � � � 
�� � G � � � 	 
 ..
 � ���	� is in theinterval � �?�!
�� �,G � � ��	 
 
 � ���	� is in theinterval � � � 
�� � G � � � 	 
 ..

Probabilityis conservedalongtrajectory:

each�uid elementmovesalongthetrajectoryasaprobability

With
� ��� � � < ���

and
� !�� �

@

 < ��� =>

	 " 7 8	 � G 7 8; < = � �
< � ����� " 7 8 G 7 8; < = �

@

 < � ��!�� " 798 ���

or 		 � " 798 ��� � 
�� �!
�� � 
�� � 
 ����� � 798 
	� 798 
��	��� �
We have now a probabilitydistribution functionwhich determinesthekinetic evolution exactly, how-
ever, this distribution is in a � �32 dimensionalspace.Thusthereis now reductionin complexity com-
paredto Klimotovich equation!
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5.2.3 BBGKY Hierar chy

BBGKY -Bogoliubov, BornandGreen,Kirkwood,Yvon

Motivation: Reductionof complexity

Probabilitydensity:

" 798 ��� �!
�� � 
	� � 
�� � 
 ����� � 7 8 
�� 798 
��	� � � � � � � � � � � � � ����� � � 798 � � 798
is theproability to �nd

particle1 in � ��� � ��� �!
	� �	� 
 ��� �,G � � �5� � G � � ��� 	 ,
particle2 in � � � � ��� � 
	� � � 
 ��� � G � � � � � G � � � � 	 ,
etc.

Reducedprobability distrib utions:

"�� ��� � 
�� �!
	� � 
�� � 
 ����� � � 
�� � 
��	����� � � �� ���
� ��� � � � ��� � � � ��� � � � ��� � ����� � � 7 8 � � 7 8 " 7 8

= prob. to �nd particle1 in � � , ...particlek in � � irrespectiveof thelocatinsfor p�	� � to p7 8 .� �
spatialvolumeoccupiedby particles� � � neededfor normalization-> later� " 7 8 is aprobability => 
 �� � � � � � � � ����� � � 798 � � 798 " 798 � �� boundaryconditions: " 7 8 � � for � � < � � � �" 7 8 � � for � � < � � � �� Symmetryregardingparticlelabels" 7 8 ��� �!
�� � 
 ����� � � 
�� � 
 ����� � 798 
	� 798 
��	� � " 7 8 ��� � 
	� � 
 ����� � � 
�� �!
 ����� � 798 
�� 7 8 
��	�� AssumeCoulombmodel:
 < ���	����
 7 8� = ��� < � with

� < � � �������� 8 E �
��� � ��� � � ���

< � � � � and
� < < ���

Lioville equation
	#" 798	 � G 7 8; < = � �

< � � ��� " 7 8 G 7 8;< = � 7 8;� = � �
<
� � ��!�� " 7 8 � �

(a) Reduceddistrib ution function " 798 � � :
Integrateover � � 798 � � 798� �

� � �
� 798 � � 798 	#" 798	 � G

� �
� � �

� 798 � � 798 7 8; < = � �
< � ����� " 7 8

G � �
� ���

� 798 � � 798 798;< = � 7 8;� = � �
<
� � ��!�� " 7 8 � �
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First term � � � 	
	 �
� �
� ���

� 798 � � 798 " 798 � � � � 798 	#" 7 8 � �	 �
Secondterm

�

� � 7 8 � �;< = � �
< � ����� � �

� � �
� 7 8 � � 7 8 " 7 8 G

� �
� � �

� 7 8 � � 7 8 � 7 8 � ����� 8 " 7 8� � � � 798 7 8 �
�;< = � �
< � ����� " 798 � �,G

� �
� ���

' 798 � - 798 � � 798 � 
 798 � " 798 � 

� 8 = �
 � 8 = � � G �����

� � � � 798 7 8 �
�;< = � �
< � ����� " 798 � �

Third term: Split

798;< = � 7 8;� = � �
<
� � 798 � �;< = � 798

� �;
� = � �

<
� G1798 � �;� = � � 7 8 � G 798

� �;< = � �
<
798 G � 7985798

suchthat
�

�
� 798;< = � 798;� = �

���
� � �

� 798 � � 798 �
<
� � ��!�� " 7 8

� 7 8 � �;< = � 7 8
� �;

� = �
� �
� � �

� 7 8 � � 7 8 �
<
� � � !�� " 7 8

G � �
� � �

� 798 � � 798 798
� �;

� = � � 798 � � � !�� 8 " 798 G
� �
� � �

� 7 8 � � 7 8 798
� �;< = � �
<
798 � � !�� " 798

� � � � 7 8 798 �
�;< = � 798
� �;

� = � �
<
� � � !�� " 798 � �,G 798

� �; < = �
� �
� � �

� 798 � � 798 �
<
7 8 � ��!�� " 798

Collect termsandmultiply with
� 798 � � to obtain the equationfor the reduceddistributionsfunction

" 7 8 � �
	#" 7 8 � �	 � G1798 � �; < = � �

< � ����� " 7 8 � � G17 8
� �;< = � 798

� �;
� = � �

<
� � ��!�� " 798 � �

G � 798 � � 7 8 �
�; < = �
� �
� � �

� 7 8 � � 7 8 �
<
7 8 � ��!�� " 7 8 � �

This is theequationfor thereduceddistribution function " 798 � � .
(b) Reduceddistrib ution function " 798 � � :
Noterecurrencerelation

"�� � � � � � � � �� � � � � � � � " �
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Integratetheequationfor " 798 � � over � � 798 � � � � 798 � �
Term1:

� ��� 	
	 �
� �
� ���

� 798 � � � � 798 � � " 798 � ��� � 	
	 � " 798 � �

Term2:
�

� � ��798 � �;< = � �
< � � ��� " 798 � �

Term3:
�

�
� � 798 � �; < = � 798

� �;
� = � �

<
� � � !�� " 7 8 � � G

� �
� ���

� 798 � � � � 798 � � 798
� �; < = � �
<
� 798 � � � ��!�� " 7 8 � �

Term4:
� � �"7 8 � �; < = �

� �
� � �

� 7 8 � � � � 798 � � �
<
798 � � � � !�� " 798 � �

Collecttermsanddivideby
�

to obtaintheequation

	#" 798 � �	 � G 798 � �; < = � �
< � ����� " 7 8 � � G 7 8

� �;< = � 798
� �;

� = � �
<
� � ��!�� " 798 � �

G �� 798 � �; < = �
� �
� � �

� 798 � � � � 798 � � �
<
7 8 � � � ��!�� " 798 � � � �

for thereduceddistributionsfunction " 7 8 � � .
=> Recurrencerelation for " �

	#"��
	 � G

�; < = � �
< � ����� " � G �; < = �

�;
� = � �

<
� � ��!�� " �

G&�)2 ����
�; < = �
� �
� � �

� ��� � � � ��� � �
<
� �	� � � � !�� " ��� � � �

This is theBBGKY Hierar chy of kinetic equations.

This is a completedescriptionwithout any reductionin thephysicsbecauseeachreduceddistribution
functioncouplesto thenext level.

Example
� � � :
	#" �
	 � G+� � � ����� " �HG �)2

� ��
� �
� � �

� � � � � � � � � � � !�� " � ��� �!
	� � 
�� � 
�� � 
��	��� �
where
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� " �,��� �!
�� � 
��	� � � � � � � is theproability to �nd
particle1 in � ��� � ��� �!
�� �	� 
 ��� �HG � � � 
�� �,G � � � ��	 ,� " � ��� �!
�� � 
�� � 
�� � 
��	� � � � � � � is theproability to �nd
particles1 and2 in � � � � ��� � 
�� � 
�� � 
�� � � 
 ��� �,G � � � 
�� � G � � � 
�� �,G � � � 
�� � G � � � ��	 ,

Example:

Singledice: � �,��# � ������# ��� � is theprobabilityto throw a5.

Two dice: � � ��#H
�'�� � ����# ��� �>����' ��� � is the joint probability to throw two 5's. No correlation=>
� � ��#H
 '���� � � ��# � � � �('>�
However, if the�rst throw setsaconstraintfor thesecondthen

� � ��#H
 '>��� � �,� # � � � ��'��,G1� � ��#H
 '>�
=> introducecorrelation function

) ���?�!
�� � 
�� � 
�� � 
��	� with

" � ��� � 
�� � 
	� � 
�� � 
	�	��� " � ��� �!
�� � 
��	� " �,��� � 
	� � 
��	�,G() ��� �!
�� � 
	� � 
�� � 
	�	�
or symbolic:

" � � � 
 � 
��	��� " � � � 
��	� " �,� � 
��	� G') � � 
 � 
��	�
Substitute" � in the�rst equationof thehierarchie:

	#" �
	 � G+� � ����� � " �HG�� 2

� �
� � � � �

�
� � � � ! � � " �,� � 
��	� " � � � 
��	�,G() � � 
 � 
	�	� 	 ���

where � � ��� � 
�� ��� . With� � 2 � �� � � � " � � � 
��	� � � � � ��� ��!�� " �,� � 
	�	��� � � � � � ��� � � � !�� " � � � 
	�	�
weobtain

	 " �H� � 
��	�
	 � G � � � � ��� " � � � 
	�	�,G � � � ! � " � � � 
��	��� ��� 2 � �� ��� � � � � � � � ! � ) � � 
 � 
��	�

with
� � � � � � � ��� � .

CollisionlessBoltzmannequationfor
) � �

=> singleparticledistribution function.

	 " �
	 � G � � � � ��� " � G � � � ! � " �����

+ Maxwell'sequations=> Vlasov equations!
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Collisionsaredeterminedonly by the term
� � 2 
 �� � � � � � � � � � ! � ) � � 
 � 
	�	� that is by the correlation) � � 
 � 
��	� . Thusthereis needto determine

) � " � � " � " � .
=>

� � �
in BBGKY hierarchy:

	#" �
	 � G"��� � � ����� G+� � ����� � � " � G"� � � � ��� ! � G � � � ��� ! � � " �G � 2 � �� ��� � � � � � � � � ! �,G � � � � ��� ! � � " � � � 
 � 
 � 
	�	� � �

Now onecanfactor " � similar to " � � � 
 � 
	�	��� " � � � � " � � � �,G') � � 
 � � (Mayerclusterexpansion):

" �
� � 
 � 
 � � � " �,� � � " � � � � " � � � �,G " �,� � � ) � � 
 � �G " � � � � ) � � 
 � �,G " � � � � ) � � 
 � � G��)� � 
 � 
 � �

where
�

representstheso-calledthree-particlecorrelations.Notethatalthoughnot explicitly statedall
of thesearealsotime dependent.

Assumethatthree-particlecorrelationsarenegligible, i.e.,
� � �

andreplace" � and " � in theequation
for

� � �
:

Term1:
� � � 	

	 � � " � � � � " � � � �,G() � � 
 � � �� " � � � � 	�� " � � � �,G " � � � � 	�� " � � � �,G 	�� ) � � 
 � �
Term2: �

� � " � � � � � � � ����� " �,� � � G � � � � ��� ) � � 
 � �,G�� �	� � ��

Term3: �

�
� " � � � � � � � � ��!�� " �,� � � G � � � � ��!�� ) � � 
 � � G�� ��� � �



Term4:
� � � � 2 � �� ��� � � � � � � ��! � � " �,� � � " �,� � � " �H� � � G " �H� � � ) � � 
 � �G " � � � � ) � � 
 � �,G " � � � � ) � � 
 � � 
 G�� �	� � ��


where
� ��� � ��


indicatesthat thesametermsasbeforesouldbeaddedwith theindex 1 and2 inter-
changed.

Most termsin theequationfor
� � �

canceleachother. For instance

" � � � ��� 	�� " � � � �,G � � � � ��� " �,� � �,G�� 2 � �� � � � � � � � � ��!�� � " � � � � " �H� � �,G() � � 
 � � ��� ���
Theremainingtermsyield:
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	 )/� � 
 � 
	�	�
	 � G ��� � � ����� G+� � � � � � � ) � � 
 � 
��	�� �+� � � � � ��!�� G � � � � � ! � � � " � � � 
��	� " � � � 
��	� G') � � 
 � 
��	��	� � 2 � �� � � � � � � � � � � ! � � � " � � � 
��	� ) � � 
 � 
��	� G " � � � 
��	� ) � � 
 � 
��	��	G � ��� � ��


Thisequationandtheequationfor " �
	 " �H� � 
��	�
	 � G � � � � ��� " � � � 
	�	�,G � � � ! � " � � � 
��	��� ��� 2 � �� � � � � � � � � � ! � ) � � 
 � 
��	�

� => 2 equationsfor " � and
)

� Truncationignoresthree-particlecorrelations(3 bodycollsions)� Derivationrequires�32 � �� Equationsarealmostexact(approximationsareusuallyverywell satis�ed.

5.2.4 Scalingof the BBGKY hierarchy

Recall

	#"��
	 � G

�;< = � �
< � ����� "�� G �; < = �

�;
� = � �

<
� � ��!�� "��

G �)2 ����
�;< = �
� �
� � �

� �	� � � � ��� � �
<
� ��� � � � !�� " ��� � � �

AssumeYukawatypepotentialfor individualchargeswith minimumat �,2 atdistance�
Normalization

� ��� ��� � 2�� �	� � �/� � �
� � � ��

� � ��� 2 �
� 2 � �

� ��

$ < � � � �B ��� �

<
� � ��� 2B � ��� � � � 2B � �$

<
�

Multiply equationwith
� 2 (andnote "���� � � " ��� � ���


	 " �
	 � G ;D<��

< � ��� � " � G �
� ���


� 2B � ; < � � ��
<
� � � !�� " �

G � 2 �� ��

� 2B � � � ; <

� �
� � �

� ��� � � � ��� � ��
<
� �	� � � ����� �"���� � � �
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� where
� � �)2 is assumed.� Coef�cient for thethird term: � �

� � 2 � � B � ���
 ������ Coef�cient for thefourth term: � � � � 2 � � � 2 � � B � ���
 � �����
Specialcases:

a)Knudsengas(rari�ed gas)
� � � 2 � � ��� � ����� � � �
� � � 2 � � � � => Boltzmannequation

b) Weakinteraction
� � � ,

�	�
�$� � � => Landauequation

c) Plasmacase
� � � 2 � � ��� � ��� � , � ��� � � => Lenard-Balescuequation.

5.3 Lenard BalescuEquation

5.3.1 Bogoliubov'sHypothesis

Moti vation: Simplify equationfor " � " � andtwo particlecorrelations
)
.

Considerthebasiccaseof ahomogeneousplasma:

" ����
	� 
	�	� � " ����
��	�) ��� �!
�� � 
	� � 
�� � 
	�	� � ) � � � � � � � � 
�� �!
�� � 
��	�
�
��� � � � � � � � � � 2 � �� � � � � � � � " � � 
��	� � � � � � �

whichyields 	#" �,��� �!
��	�
	 � � � � 2 � �� ��� � � � � � � � � � � � ! � ) � � � � � � � � 
�� �!
�� � 
��	�

	 ) � � � � � 
�� � 
�� � 
��	�
	 � G ��� � ��� � �,G � � � � � � � ) � � 
 � �G � � � � � � !�� G � � � � ��! � � ) � � 
 � �G � 2 � �� � � � � � � � ��� ! � " � � � ) � � 
 � � G�� 2

� �
� � � � � � � �

� � !
� "
� � � ) � � 
 � �� � � � � � � � ! �,G � � � � � ! � � " � � � " � � �

Noteterms: 
 �� � � � � � � � � � ! � " �,� � � ) � � 
 � ����� becauseof � � � � � � � � �
Pulverasition

) � " � ��� 
 $>� � � � � � B ��� � � => term3
��� � � � � � ; otherterms

��� � � � � �
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Or normalization:Term3
��� � � � � �

=>

	�� " � ��� � 
��	� � � � 2 � �� � � � � � � � � � � � � � ! � ) � � � �?��� � � 
�� �!
�� � 
��	�
	�� ) � � 
 � �,G � � )/G � � ) � �

with

� � ) � � � ��� � � ) � � 
 � � G�� � 2 � �� � � � )F� � 
 � � � � � ��� � � !�� " � � �� � ) � � � ��� � � ) � � 
 � � G � � 2 � �� � � � )F� � 
 � � � � � � � � � ! � " � � ���� � � � � 
	� � 
�� � 
��	� � � � � � � � ! � G � � � � � ! � � " � � � " � � �
Bogoliubov's hierarchy of time scales:� � < � � - Dif fusiontime (macroscopic),e.g.,heatconductionor magneticdiffusion� � 
 �

���
- Macroscopicdynamicatime

� 
 �
�����	� � � 4� � �

<
� Relaxationtimeof theone-particledistribution

� �
<
��
 � � � � ��
 ��� � �
� �������� � ��� ��� Relaxationtimeof thecorrelationfunction,

� 
 ��� � � ��
 
 � ����� �
Hypothesis: => " ��� � 
��	� variesslow comparedto

)
(
)

relaxesfast)

=> Sourceterm
�

canbetreatedtime independent

Procedure to derive the Lenard-Balescuequation:

Equationfor
) � � 
 � 
��	� is a linearequation

=> Fouriertransformationto solve for
) � � 
 � 
��	� .

Need
) ��� � � � for theequationfor " because

)
relaxesfast

=> Laplacetransformationandsubstitutionin equation

Fouriertransf.:

�" ���,� � �� ��� � � � � � #��! #")�5� 
 � � � � " ��� �
" ���H� � �

� � �$�! %" � 
 � � � � �" ���,�
Laplacetransf.:

" � � � � ���
2 � �%�& %")� � 
 � �	� " ���	�

" ���	� � �(' � ���� �& %"3� � 
 � �	� " � � �
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with
�

,
�

, and
�

alongtherealaxisand � alongasuitablecontour
�

.

Example:Acceleration � � � ��� ��� � �� � � 2 B � � � � � �
hastheFouriertransf.:

�� � � � �H� � � 
 �B � � ���H�
� � �H� � � �� �

� � 2 � �
Solutionto thekineticequation:Lenard-Balescuequation

	#" ����
��	�
	 � � � � � � � 2B �� � ! � � � � � � � � � � � � � � ���,�

� � ��� 
�� � �?� � ������ � ������� � ��� � � � !���� � ! � " ��� � " ��� � � 	
with thedielectricfunction � ���?
 � ��� � G � ��� � � � � � � � ��! " ��� �� � � � �
Assumptions:

� homogenousplasma� 3 particlecorrelationsnegligible� 2 particlecorrelationrelaxesmuchfasterthan "� “stableplasma”,dynamicprocesseswith frequency 
 � � � excluded.

5.3.2 Discussionof the Lenard-Balescuequation

(a) Problemwith the equation

Large
�

(LB) � 

� �� ��� � � => (LB) divergesfor

� � �
=>

��� ��� � � ' � '
- Landaulength

�
�	�
 � ��� �

or
��� ��� � � � � � � �

– deBroglielength
��� ��� 


E �
���Why does(LB) diverge?

Assumption� ) � � � " � " � � => simpli�cation of (B2)

But: if two electronareveryclose =>
$9� � very large

=> Incorrectto assume� ) � � � " � " � � for small � � � � � � �
(b) Properties
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� "�� � at
� ���

=> "�� � atall times� Particleareconserved:

�
� �
�
� � � " ����
��	��� �� Momentumis conserved:

�
� �
�
� � � � " ��� 
	�	������ Kinetic energy is conserved:

�
� �
�
� � � � � " ����
��	� ���� Any Maxwellianis a time independentsolution� As

� � � any " satisfying(a) approachesaMaxwellian.

(c) Further simpli�cation of the LB equation

Re-writeLB:

	#" ����
��	�
	 � � � ��! � � � � � ��� ����
�� � � � � � ��!/� � ! � ��	 " ��� � " ��� � ����	��


� ����
�� � � � � � � � � 2B �� �
��� �

� � � � ���,�
� � � �?
�� � � � � � ����� � ����� � � �	�

with

� � �H� � � �� �
�
� �

andtheDielectricfunction

� ���?
 � ��� � G � ��
� �
�
� � ��

� � � � ! " � �� �� � � � ��
or

� ��� 
�� � �?� � � G �
� � � ����

���	��


� ��� 
�� � �?� � � ���
 �
�
� � ��

� � � � ! " � �� �� � ����� �� �
suchthat � ����
�� � � � � � 2�� �� � � � �2 B �� � � � � � �� � ����� � ������� � ���



 � G �� � 	 ����






�

Notes:
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� � dependsonly on thedirectionnot on themagnitudeof
�

� Max valueof � � �givenby impactparameter
�� � ��� � 8 E � �� �

Evaluation of
� ����
�� � �

:

Noteson the
�

function

��� " ��# ��� � ; < �
� "
� #
��# < ��� � � ����# � # < �

# < � � �����
	��
� " ��# �� " ��# � � ����# �'$ �� # � # � � � "
� $
�%$ �

Assume:
� ��� ����� �

=>� <
� � � � � 2�� �B �� � � � � � � � � � �

�
<
� �
� � �

� ����� � �
��� � ���





 � G �� � 	 �� �





�

If 
 � � or � � � =>

� <
� � �

Since
� �

integral is trivial assume:
� � � �����
	�� and

�

�
� ��	 � � �

E.g.: �
� �
� � � 2�� �� � � � �2 B �� � ��� � � � � � �2 � ��	 � � � � � � 82 � �� �

� � G � � � � � � ���� � � �� � � 2 � �
� � � � � �2 B �� � ����� � � � � �2 � ��	 � � � ����� � � � � � � G � 2 � ���� � � ��	��� �

� - orderunity, ignoreIm => next chapter

� G � 2 � ���� � � � � G � ���� � � & � � ��� � G � � � � 
 � �
=>

�
� �
����
�� � � �

�
� � ��� 
	� � � � � � 2 � �� � � �2 B �� � ����� � � � � �

De�ne � � ����� � , ) � � ��� � � �
with � �!� � direction:

� ����
�� � ��� � � 2 � ���� � �2 B �� � � � ) � � � ���)
�

=> Landauform of
�
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Derivation of a Fokker-Planck equation

GeneralFokker-Planckequation-> Nicholson

Note:
� ! ��! ) ��� � � ������ � and

� ! ) � � � ! � )
and

� ! � ��! ) � � � ) =>

	#" ����
��	�
	 � � � 2�� �� � � �2 B �� � ! � � � � � � ) � � � ���)

�
� �%� ! �'��! � � " ��� � " ��� � �

� � 2 � � � � �� � � �2 B �� ��! � � � � � � � � !�� ! )>� � � � ! �'��! ��� " ��� � " ��� � �� � 2 � � � � �� � � �2 B �� ��! � � � � ! " ���?�	� ��� ! � ! � � � � � ) " ��� � � � " ��� � � � � � � � � ! ��! )>� � � ! � " ��� � � �� � 2 � � � � �� � � �2 B �� � ��! ��! " ��� � ��� � ! ��! � � � � � ) " ��� � � � � �%� ! " ��� ��� � � � � � � � � ! ��! � � ! )�� " � � � � �� � 2 � � � � �� � � �2 B �� � � � ��! � " ��� � � ! � � � � � " ��� � �) G � ! ��! " ��� � ��� � ! ��! � � � � � ) " ��� � ���
whichyields 	#" ����
��	�

	 � � � � ! � �	� " ��� � 	 G �� � !�� ! ����
 J " ��� �
�
with

� � ��
��	� � � 2 � � � � �
��� � �2 B �� � ! � � � � � " ��� � �� ����� � �J ����
��	� � � 2 � � � � �� � � �2 B �� � !�� ! � ����� � � ����� � � " ��� � �

this is theLandauform of theFokker-Planckequation.

Term ��� � slowing of particlesby many smallanglecollisions

Term
J � � increaseof theperpendicularvelocity from smallanglecollisions

..Figure..

Approximationto theFokker-Planckequation:

	#"
	 � � � � !�
�������� 2 � " G � ���
 � � ! " �

where � is a collision frequency and � 2 is a constantvelocity. This is usuallyrathercrudeandonly
providesa roughideaof collisionaleffects.

Evenmorebasic:Krook model 	#"
	 � � � � " � " 2 �

whichonly describestherelaxationof any distribution functionto " 2 .


