Chapter 5

PlasmakKinetic Theory

5.1 Klimonto vich Equation

5.1.1 Intr oduction

Startfrom rst principles=> exactplasmadescription

Singleparticle:

location , velocity
=> 6 degreeof freedom
=> six-dimensionakpace

Densityof the particlein this space:

with:
Dirac deltafunction
Consider  patrticles of species::
Densityof this distributionin phasespace:

andfor all species:

Particle motion:
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To solve the equation®f motionwe needMaxwell's equations

( standdor microscopicelds) with thechage andcurrentdensitiegsources)

Theabove equationdully determinethe entiresytemof particles.

Initial valueproblem:

=> Integrateequationsn time.

5.1.2 Klimonto vich Equation

Time evolution of thedistribution function

Note:

Substitute: and
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wherewe used

Exercise: Prove thatthelastequationfor is correctandin particularthatonecanreplace
with in this equation.

As the nal stepwe cannow take the and — — in front of the

summatiorwhichyieldsthe Klimonto vich equation

Togethemwith the Maxwell's equatiorandthede nitions for chage andcurrentdensitieghis provides
afull descriptionof the plasmadynamics!

However, sincethedistributionis adistribution of deltafunctionsit still requiresbasicallyto follow all
individual particleswhichin typical applicationis not feasibleevenon modernsupercomputers.

Propertiesof the Klimonto vich equation

Incompressibilityin phasespaceHypotheticalpoint particleat
total time derivative

=> Klimontovich equation

=> alongeach(hypothetical)path constant!

Consenrationof particles(continuity):
In 6-dimensionaphasespacewe cande ne and =

Klimontovich eq. mustsatisfycontinuity!
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5.1.3 PlasmaKinetic Equation

TheKlimontovich distributionis adistributionof functions=> needto reduceamountof information
(we know thata plasmabehae collectively soit is notnecessaryo follow eachindividual particle.).

=> generatesmoothdistribution usinganappropriateverage
Rigorousway:

Ensembleaverageoverin nite numberof realizationsge.g.,with atemperatureontact=> statis-
tical mechanics

Alternatively:

De ne boxessize ,  with andcountparticlesn range to
=> [

De ne uctuations

suchthat: , ,

=>

Left side- collective effects

right side-collisional effects
Continuumlimit:

right side: uctuations (statisticalmechanics)

=> rightside const
=> |eft side
Whichyieldsthe collisionlessBoltzmann equations:
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Complementeavith Maxwellsequationsaandwith the de nitions for chage andcurrentdensity

yield the Vlasov equations.

5.2 Liouville Equation

5.2.1 Conceptof a system

Moti vation:

UseLiouville equation=> derivationof akineticequation(right handesideof the Boltzmannequation)
Note: Klimontovich equation- Behaviour of individual particles

One particle:

spatialcoordinateof the system

velocity coordinateof the system

Particle orbit (asbefore)by and

Systemcoordinates: (6 coord)

Densityof systems:

Onesystemconsistingof oneparticle
2 particles:

12 coordinategor our system

Phasespace:
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Density:
1 systemconsitingof 2 particles

Generalisationto  particles=> Phasespacenas6N coordinates

Density:

5.2.2 Liouville equation

Interestedn thetime evolutionof  andwith

As beforewe cansubstitutgnote  insteadof and insteadof

Suchthat

whichis Liouville' sequation.

Properties:

(@)

with

=> incompressibility
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in the Lorentzforce!):
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(b) Continuity

because

Probability density:
Ensembleof systems :
Def.:

is the proability that
isin theinterval
isin theinterval

Probabilityis conseredalongtrajectory:
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isin theinterval

isin theinterval

eachuid elementmovesalongthetrajectoryasa probability

With and =>

or

We have now a probability distribution function which determineghe kinetic evolution exactly, how-
ever, this distributionis in a dimensionakpace.Thusthereis now reductionin compleity com-

paredto Klimotovich equation!
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5.2.3 BBGKY Hierarchy

BBGKY -Bogoliubov, BornandGreen Kirkwood, Yvon

Motivation: Reductionof compleity
Probabilitydensity:

is the proabilityto nd
particlelin
particle2 in
etc.
Reducedprobability distrib utions:

=proh to nd particlelin ,...particlekin

spatialvolumeoccupiedby particles
neededor normalization> later
is aprobability =>

boundaryconditions: for
for

Symmetryregardingparticlelabels

AssumeCoulombmodel:
with

Lioville equation

(a) Reduceddistrib ution function
Integrateover

irrespectve of thelocatinsfor p

and

top

126



CHAPTERS. PLASMA KINETIC THEORY 127

Firstterm

Seconderm

Third term: Split

suchthat

Collect termsand multiply with to obtainthe equationfor the reduceddistributions function

Thisis theequationfor the reducedlistribution function
(b) Reduceddistrib ution function

Noterecurrenceelation



CHAPTERS. PLASMA KINETIC THEORY

Integratethe equationfor over
Term1:

Term?2:

Term3:

Term4:

Collecttermsanddivideby to obtaintheequation

for thereducedlistributionsfunction
=> Recurrencerelation for

Thisis theBBGKY Hierar chy of kinetic equations.
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This is a completedescriptionwithout any reductionin the physicsbecauseachreduceddistribution

functioncouplego thenext level.
Example

where
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is the proabilityto nd
particlelin :

is the proabilityto nd
particlesl and2 in ,

Example:
Singledice: is the probabilityto throw a 5.
Two dice: is thejoint probability to throw two 5's. No correlation=>

However, if the rst throw setsa constrainfor the secondhen

=> introducecorrelation function with

or symbolic:

Substitute in the rst equationof thehierarchie:

where . With
we obtain
with
CollisionlessBoltzmannequationfor => singleparticledistributionfunction.

+ Maxwell's equations=> Vlasov equations!
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Collisions are determinedonly by the term thatis by the correlation
. Thusthereis needto determine

=> in BBGKY hierarchy:

Now onecanfactor similarto (Mayer clusterexpansion):

where representshe so-calledthree-particlecorrelations Note thatalthoughnot explicitly statedall
of thesearealsotime dependent.

Assumethatthree-particlecorrelationsarenggligible, i.e., andreplace and intheequation
for

Term1:

Term?2:

Term3:

Term4:

where indicatesthatthe sametermsasbeforesouldbe addedwith theindex 1 and2 inter-
changed.

Mosttermsin the equatiorfor canceleachother For instance

Theremainingtermsyield:
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This equationandthe equationfor

=> 2equationdor and
Truncationignoresthree-particlecorrelationg3 bodycollsions)

Derivationrequires
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Equationsarealmostexact(approximationsreusuallyvery well satis ed.

5.2.4 Scalingof the BBGKY hierarchy

Recall

AssumeYukawvatype potentialfor individual chageswith minimumat
Normalization

Multiply equatiorwith  (andnote

atdistance
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where is assumed.
Coefcient for thethird term:

Coefcient for thefourth term:

Specialcases:

a) Knudsengas(rari ed gas)

=> Boltzmannequation
b) Weakinteraction
, => Landauequation
c) Plasmecase
: => Lenard-Balescequation.

5.3 Lenard BalescuEquation

5.3.1 Bogoliubov'sHypothesis

Moti vation: Simplify equationfor andtwo particlecorrelations .

Considerthe basiccaseof ahomogeneouplasma:

whichyields

Noteterms: becausef

Pulverasition => term3 : otherterms
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Or normalization:Term3

=>

with

Bogoliubov's hierarchy of time scales:
- Diffusiontime (macroscopic),e.gheatconductionor magnetiadiffusion
- Macroscopiaynamicaime
Relaxatiorntime of the one-particledistribution
Relaxatiorntime of the correlationfunction,
Hypothesis: => variesslow comparedo
( relaxesfast)
=> Sourceterm canbetreatedime independent
Procedure to derive the Lenard-Balescuequation:
Equationfor is alinearequation
=> Fouriertransformatiorto solve for
Need for theequatiorfor because relaxesfast
=> Laplacetransformatiorandsubstitutionin equation

Fouriertransf.:

Laplacetranst.:
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with , ,and alongtherealaxisand alongasuitablecontour .
Example:Acceleration

hasthe Fouriertransf.:

Solutionto thekinetic equation:Lenard-Balescuequation

with thedielectricfunction

Assumptions:

homogenougplasma
3 particlecorrelationsnggligible
2 particlecorrelationrelaxesmuchfasterthan

“stableplasma”,dynamicprocessewith frequeny excluded.

5.3.2 Discussionof the Lenard-Balescuequation

(a) Problemwith the equation

Large (LB) — => (LB) divergesfor
=> - Landaulength—
or —deBroglielength —
Why does(LB) diverge?
Assumption => simpli cation of (B2)
But: if two electronarevery close => very large
=> Incorrectto assume for small

(b) Properties
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at => atall times

Particleareconsered:

Momentumis consenred:

Kinetic enegy is consered:

Any Maxwellianis atime independensolution

As ary satisfying(a) approachea Maxwellian.

(c) Further simpli cation of the LB equation
Re-writeLB:

with

andtheDielectricfunction

or

suchthat

Notes:
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depend®nly onthedirectionnot onthe magnitudeof

Maxvalueof givenbyimpactparameter ——

Evaluation of

Notesonthe function

Assume: =>

If or =>

Since integralis trivial assume: and
E.g.

- orderunity, ignorelm  => next chapter

De ne ,
with direction:

=>Landauformof
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Derivation of a Fokker-Planck equation

GeneraFokker-Planckequation> Nicholson

Note: —=— and and =>

whichyields

with

thisis the Landauform of the Fokker-Planckequation.

Term slowing of particlesby mary smallanglecollisions
Term_ increaseof the perpendiculawvelocity from smallanglecollisions
..Figure..

Approximationto the Fokker-Planckequation:

where is a collision frequeny and is a constantvelocity. This is usually rathercrudeandonly
providesaroughideaof collisionaleffects.

Evenmorebasic:Krook model

which only describeshe relaxationof any distribution functionto



