Chapter 3

Classification of PDE’s and Related
Properties

3.1 Linear Second Order PDE’s in two Independent Vari-
ables

The most general form of a linear, second order PDE in two independent variables x, y and the
dependent variable u(z, y) is

9%y d%u 0%u ou ou

elliptic for  B? —4AC <0
with A, ..G = const. This equation is called { parabolic for B? —4AC =0
hyperbolic for B? —4AC >0

There are many linear equations which can be classified with this scheme. For instance the
heat conduction equation falls into this category. Another such example are the steady Euler
equations for irrotational flow (u = V®) which are of the form

(1— M2)62—q) + o

0s2 ' on? 0 (32)

where M = u?/c? is the so-called Mach number with ¢, equal to the speed of sound, s is the
coordinate along a stream line and n is the coordinate perpendicular to a stream line. Evaluating
the determinant B2 — 4AC' shows that the equation is hyperbolic for supersonic (M > 1) flow,
parabolic if the flow speed is exactly the sound speed, and elliptic for sub-sonic flow. One also
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concludes that the problem is always elliptic if the flow is incompressible because in that case
the sound speed is infinite such that M = 0 always.

In most cases fluid equations with an explicit time dependence are of the hyperbolic type. They
may be parabolic if dissipation is present, e.g., the heat conduction equation. However, it should
be kept in mind that the present example is rather simple in that it assumes only a single 2nd
order linear differential equation with constant coefficients. It is easy to see that realistic prob-
lems are more complex and in particular may have coefficients which depend on the independent
variables. Realistic problems are also nonlinear which can pose problems for a unique classifi-
cation. This can make the classification more difficult and in fact the character of a differential
PDE for a given system may depend on the location in the system.

Exercise: Demonstrate that the time dependent diffusion equation 97'/0t = ud*T/dx?, is
parabolic.

Exercise: Show that the time independent diffusion equation in two dimensions with .1 0°T' /0% +
w20?T /Oy* with py, po > 0 is elliptic.

3.2 Well Posed Problems:

A mathematical problem is called well posed if

e the solution exists
e the solution is unique

e the solution depends continuously on the auxiliary data (e.g., boundary and initial condi-
tions)

In the same terms one can define a numerical problem as well posed through existence, unique-
ness, and the continuous dependence on initial and boundary conditions.

In most cases in particular for numerical modeling the existence of a solution does not pose a
problem. If a solution is found whether this is an analytical or a numerical solution one should
conclude that a solution exists. Existence may become an issue if for instance an iteration
does not lead to convergence. In such cases one possible cause could be the nonexistence of a
solution.

Uniqueness can be a serious problem. Non-uniqueness of solutions occurs for instance if the
boundary conditions do not match the type or order of the set of differential equations. Non-
unique solutions are also common for nonlinear problems similar to the case of algebraic equa-
tions. In such cases the numerical model usually will provide only one of several solutions.
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Typical situations for non unique solutions are phase transitions, bifurcations in nonlinear dy-
namics, or the transition from sub-sonic to supersonic flow. To deal with non unique solutions
can be rather tedious. The solution that a numerical model realizes depends on the method. Cer-
tain branches of the solution may have particular properties which can in cases be considered
as a constraint to the method. In general non unique solutions require careful consideration and
analysis.

The continuous dependence of the solution on auxiliary data is frequently related to the unique-
ness of the solution. In numerical models this can pose a problem because a non continuous
dependence of the solution on boundary or initial conditions implies that only small errors in
those will cause large changes in the solution. Since a numerical method is not arbitrarily exact
it is not clear which of the possible solutions is actually assumed. A typical situation of this
type occurs in chaotic systems even if the governing equations are deterministic (deterministic
chaos). This is a situation where an arbitrarily small change of the initial conditions will lead
to a large change of the solution within a finite amount of time. An example is the the location
and momentum of balls in pool. Position and velocity of a ball are exactly determined after any
collision. However, a small variation of the location or velocity of the incoming ball is amplified
after a collision. After about 7 such collisions the final location and velocity of a ball on a pool
table is arbitrary because the initial conditions can only be determined subject to quantum rules
(Heisenberg’s uncertainty relation).

3.3 Boundary and Initial Conditions

There are three types of boundary conditions. Defining a domain R, its boundary 0 R, the coor-
dinates n and s normal (outward) and along the boundary, and functions f, g on the boundary,
the three boundary conditions are

e Dirichlet conditions with u = f on JR.

e Neumann conditions with Ju/0n = f or du/0ds = g on OR.

e Mixed (Robin) conditions Ou/dn + ku = f, k > 0, on OR.
Dirichlet conditions can only be applied if the solution is known on the boundary and if f is

analytic. These are frequently used for the flow (velocity) into a domain. More common are
Neumann conditions.
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Figure 3.1: Simulation domain R with a boundary OR.

3.4 Classification Through Characteristics

3.4.1 First order equation

Characteristics are curves in the space of the independent variables along which the governing
PDE has only total differentials. Let us consider the first order equation

ou ou

and seek solutions of the form « = w(xz(t), t). The total derivative of w is

du _ dudr O
dt — Oxdt Ot
This allows us to identify dx/dt = b/a and du/dt = ¢/a with the solutions

(3.4)

r = LL’O—'——t
a
Cc
u = UQ"‘—t
a

for the initial condition u(z(,0) = ug. Figure 3.2 illustrates that characteristics are lines with
constant slope in the z, ¢ plane. The concept becomes very obvious if ¢ = 0. In this case
u = const on the characteristics. For non-constant ¢ u grows linear in time along a characteristic
line. For ¢t = 0 one can define a profile u(x,0) = f(x). At any later time u can be constructed
according to the solution on the characteristic curve.

It is worth noting that the partial derivative of (3.3) with respect to ¢ gives
PP
o2 a 0x?

implying that (3.3) is hyperbolic. It should be noted the the above equation has to roots such
that differentiating (3.3) generated a new artificial solution in addition to the original solution.
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Figure 3.2: Illustration of the characteristics for (3.3)

3.4.2 Second order equations

Consider the PDE

0*u 0*u 0*u
A B H =
Ox? + 0xdy + C@yz + 0

As above we attempt to solve this equation through a total differential i.e.

ou ou
du = %dx + 8_ydy

Thus we define P = 2¢ and Q = g—Z and determine the total differentials

dP = Rdx+ Sdy
dQ = Sdz+Tdy

9%u

o From the definition of P, Q we determine: R = 2%, S=2v T = giy?j .

oxdy’

. N 2u o 2u 2U
e Evaluating A47 + C42 yields: AG% + (Aj—g + Cj—y) e+ C54

e Comparison with (3.5) gives:(Aj—g + Cj—g) —B=0or

dy 2 dy
Al-=2Z| - B=2+C=0
(dx) dx +
with the solutions
dy B 1

@y _ 2 L L P2
dx 2A:|:2A B 140
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The discriminant B? — 4AC determines the number of real solutions. The solutions of dy/dx
are called characteristics. Comparison with the earlier definition for the classification leads to a
unique identification of the type of PDE with the number of real characteristic solutions:

Hyperbolic PDE : B? —4AC >0, 2real solutions
Parabolic PDE :  B? —4AC =0, 1real solution
EllipticPDE :  B? —4AC <0, 0real solution

The constant H can be considered in the solution for the total differentials.

For the case of a time dependent compressible fluid without dissipation the governing set of
PDE’s is hyperbolic with two real characteristics. In this case the characteristics are the lines
in space time along which information propagates (sound waves). Considering the changes at
a fixed location in a system over a small time interval implies that any changes are originating
from the innediate vicinity of this point. In contrast any small change of the boundary conditions
for an elliptic PDE effect the entire system.

Equation (3.6) provides the curves along which one has to propagate the values of P and @) to
find a solution to the PDE. This solution can be constructed from any boundary along which P,
@, and v are spcified. To do so one has to solve the equations

du = Pdx+ Qdy

dP dQ
A— — 4+ H =
- +C ay + 0
or as finite differences
Au = PAz+ QAy
AP AQ
A— —~+H =
s +0Ay + 0

For any intersection point Z of two characteristics close to a line where P, (), and u are spec-
ified, the above equations provide two equations for AP and AQ from the boundary to the
intersection. Thus it is possible to compute the values of P and () at the point of the intersec-
tion. Using P and @ one can compute Au and thus w at the point of the intersection. This
method can be employed to construct the solution « to a hyperbolic PDE.

9%u b2 9%u

Exercise: Compute the characteristics of the wave equation a5z — %53 = 0 and show that

there is an additional characteristic to the first order equation (3.3).
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Figure 3.3: Illustration of the construction of the solution to a simple hyperbolic PDE using the
characteristics.

3.4.3 Coordinatetransformations

An important question is whether a coordinate transformation can change the character of a
differential equation. Obviously this should not be the case because the type of a PDE should
be a characteristic property of a PDE with real implications (i.e., determine the type of solutions)
and thus the type of a PDE ought to be invariant against coordinate transformation.

Assuming a coordinate transformation £(x,y), n(x,y) and a(¢(z,v), n(x,y)) = u(z,y) equa-
tion (3.5) is transformed into

TR T .
A'5g + By + O + H =0 3.7)

with

A AEZ + B&E, + CE
B, = 2A€mnx _'_ B(éxny + ﬁynm) + QCﬁyny
C'" = Anl+ Bnen,+Cnl

Evaluating the discriminant yields: (B’)?> — 4A’C" = J?[B* — 4AC]
where J is the Jacobian of the transformation: J = £,n, — &1,
In this formulation we have introduced the notation ¢, = 9¢/0x, &, = 0¢/0z, etc.

Since the Jacobian squared is always a positive number, the transformation does not alter the
sign of the discriminant.

Exercise: Derive the transformed equation and coefficients A’, B’, and C’ for the linear trans-
formation £ = oz + By and § = asx + Foy. Show that the type of the PDE has not
changed.
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Exercise: Derive the transformed equation and coefficients A’, B’, and C’ for a general trans-
formation. Show that the type of the PDE has not changed.

3.4.4 Multidimensional equations

Multiple independent variables

Let us consider now a single dependent variable « but m independent variables. Similar to (3.5)
the corresponding second order differential equation is

02
—gxk LY H=0 (3.8)
J

m m
AL
jz::lkz::l 0 ;

In this multidimensional case the character of the differential equation is determined by the
eigenvalues (EV) of the matrix A = (a;y).

parabolic if any EV is0
The equation is elliptic if all EVsare # 0andof the same sign
hyperbolic if all EV sare # 0and all but one have the same sign

Note that there are cases (e.g., if all Eigenvalues (EV’s) are nonzero but several have a different
sign) where a classification is not straightforward.

Systems of equations - two dependent variables

Thus far we have considered only a single dependent variable. Frequently this is not the case
such that one should consider methods for classification which can be applied to systems of
PDE’s. Let us first consider the case of

9 o By A

Ana—“ + B2t v Avog + Biag 5 =" (3.9)
9 o 9 By

Ay, a“ 4 By Y 5t Ay a” + B2 % = 0 (3.10)

Note that a single second order equation can be brought into a system of linear equations. In a
compact form these equations can be expressed as

Jq Jq
A2, g. 9 _
= 0:1:+: oy
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We seek a solution again in terms of a total differential of the form
mydu + modv = my (%dw + g—Zdy) + ms (%dw + g—Zdy).
Multiplying (3.9) with L, and (3.10) with L, we obtain for the coefficients of the derivatives

ou du Ov ov .
55> 5y° Do and nt

LAy + LyAyy = mydx
LiBiy + LaByy = mudy
LA+ LyAgy = medx
L1Byy + LBy = mady

Eliminating the rhs terms by multiplying these equation with dx or dy we obtain:
(L1A11 + L2A21)dy = (LlBH + Lngl)dl’
(L1Arg + LoAp)dy = (Li1Biz + LoBy)dw

or in vector form

(A'dy - B'dz) -L =0 (3.11)

A12 A22 BlZ B22
tion to (3.11) requires that the determinant of the coefficient matrix is 0, i.e., det (étdy — gd:c) =

0. As in the previous second order PDE case this yields a quadratic equation for dy/dx of the
form

with the transposed matrices A" = ( A A ) and B' = ( Bu Ba ) A nontrivial solu-

dy 2 dy

Al—| - B—=4+C=0 (3.12)
dx dx

where the number and type of solutions is determined by the discriminant D = B? —4AC with
the result

D =0 parabolic

D >0 hyperbolic
D <0 elliptic

Exercise: Show that
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dy dy 2
t | A—Z —B'| = (A1 A9 — Apds) | =2
de <: Ir :> (A1 Ao 12A421) (dx)
d
- (Alle2 — Ay Bio + Ay By — A12321) <£>

+ (B11B32 — B12Boy)

Exercise: Demonstrate that the discriminant for the above expression is

D= (AIIB22 - A2IBIQ + A22B11 - A12B21>2 —4 (A11A22 - A12A21> (BllB22 - BIQB21)

Exercise: Show that det (édy — Qdm) = 0 yields the same solution as det (étdy — gdx) =
0.

Example: Let us consider the example of two-dimensional steady compressible potential flow.
Potential flow implies that V x u = 0 for the velocity component u = (u, v). The equations
are

u? ou wv\ ou uv\ Ov v? ov
(—az—1>a—x+(§)a—y+<ﬁ>a—x+<ﬁ—l>a—y =0 (3.13)
ou  Ov
__8y+_0x =0 (3.14)

Exercise: Derive the above equations from (2.18), (2.19), and (2.20).

Evaluating the matrices in (3.11) and the determinant yields the coefficients A = Z—j —1,B=
247, and C = Z—i — 1. The discriminant for these is D = 4 (“2%”2 — 1). Here the Mach number
is M = ““42° Thus the solution is hyperbolic for A > 0, and it is elliptic for M/ < 0.

Systems of n first order partial differential equations

In general the approach used in the case with 2 dependent variables can be applied to n equations
resulting in nxn matrices. The equation to be solved assumes the form

(ét;l—i - g) L=0 (3.15)
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for a vector L of dimension n, and A, B are n x n matrices. The determinant leads to an nth
order equation for dy/dzx. In this case the type of differential equation is

hyperbolic for n real roots
parabolic  for 1 to n — 1 real roots and no complex roots (3.16)
elliptic for no real roots

¢) More than two independent variables:

For the most general case one has to consider more than two independent variables. For instance
a steady state three-dimensional problem requires 3 variables z, y, and z. In the time depen-
dent case the system is four-dimensional. In the case of 3 independent variables the governing
equations are

with the vector ¢ = (u,v,w,..). The solution to the characteristics now requires surfaces
rather than curves. For a three-dimensional problem (3 independent variables) this implies
two dimensional surfaces. For the general case of m independent variables the characteristic
surfaces ore m-1 dimensional. At any point these surfaces can be described by the normal
direction in m dimensions. The solution for the characteristics is now given by

det (A'\, +B'A, + C').) =0

where A = (A, Ay, A.) gives the direction normal to the characteristic surface.

Example: Transform a higher order equation into a system of first order PDE’s. Consider the
two-dimensional incompressible Navier-Stokes equations. Note that incompressibility requires
V -u = 0. The equations are given by

uy +v, = 0 (3.17)
1

Uy + VUy + Py — ﬁ(um +uy,) = 0 (3.18)
1

UV, + VU, + Py — E(Um +uy,) = 0 (3.19)

Here we use the notation u, = du/0x. The variables are the two components of the velocity
u = (u,v) and the pressure p and R, is the Reynolds number. Introducing auxiliary variables
R =v,, S =v,, and T' = u, the Navier-Stokes equations can be expressed as
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u v R S T P
Uy = T
Uy  FUy = 0
-R, +5; = 0
Sy +T, = 0
Sz/R. —T,/R. +p, = uS—vT
—R,/R. —S,/R. +p, = uR—vS

where the top row marks the variable used in the corresponding column. Note that there is no
additional auxiliary variable for v, because u, = —v, = —S. Formally one can now replace «
derivatives with a multiplier A,, y derivative with a multiplier \,, and so on. The results in the
following determinant

A, 0 0 0 0 0

N A, 0 0 0 0

00 A A 0 0]
dtl o o o v oA o |70

0 0 9 Riele N A

0 0 —AXh —2A, 0 A,

leading to

The vector A = (\;, A\,) determines the direction normal to the characteristic such that only the
ratio of R = )\, /), is required to determine the type of PDE which yields R? (R? + 1)2 =0
with the roots R = 0 and four complex roots with R? = —1. This is clearly not hyperbolic
nor parabolic. Although it has a root at R = 0 all other roots are complex such that one would
probably call this system elliptic even though it does not fit exactly the criteria of the (3.16).

3.5 Classification Through Fourier Analysis

To illustrate the approach using Fourier analysis let us consider the homogeneous and linear
PDE

J%u 0% 0%u
A B H = 2
ot t B HOGE (3.20)
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A frequently used method to solve PDE’s is by Fourier analysis where a solution is expanded
in a Fourier series. In two dimensions this takes the form

1 _ ) .
U= Z Xk: Ui exp [i(o,) 2] exp [i(0y) kY] (3.21)
J
Substitution in the equation (3.20) yields Ao2 + Bo,o, + Co; =0 or

A(o,/0,)? + Bo,Jo,+C =0

which gives the same discriminant as the characteristic equation for this PDE. In many cases
with non-periodic boundary conditions the use of a Fourier transform may be appropriate.

Her we define the Fourier transform as
w0y, 0y) = / / u(z,y) exp(—io,x) exp(—ioy,y) dx dy

or symbolic as = = Fu. It can easily be shown that

10, :F%, 10, :Fg—Z
Taking the Fourier transform of (3.20) results in [A(ic)? + B(io,)(io,) + C(ic,)?*|u = 0, i.e.,
again the same equation as for the characteristics.

An advantage of the Fourier transform is that it can be directly applied to a system of PDE’s.
For the case of the steady incompressible Navier-Stokes equations (3.17) to (3.19) the Fourier
transform approach yields

104 10y 0 u
i(uoy, +voy) + R%(Ui +07) 0 10, 7| =0
0 i(uo, +vay) + (02 +07) oy D
which yields from det|..] = 0 the equation

) 1
(02 + 05) i(uoy, +voy) + ﬁ(“i + O‘Z)] =0

The first coefficient implies again the only complex solutions for o, /o, exist and that the system
therefore must be elliptic.
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3.6 Hyperbolic Partial Differential Equations

3.6.1 Examplesand general properties

The solution of the characteristic equation (3.12) for the compressible steady convection prob-
lem (3.13) and (3.14) yields the characteristic curves

dy uv u? + v2 u\?
@—[yi z ! [(‘) ‘11

As noted before the PDE’s for this problem are hyperbolic if the Mach number M = “%”2 >
1. This examples shows that the characteristics can depend on the local solution and are in
general curved lines. Straight characteristic are obtained if the coefficient A, B, and C' in the
characteristic equation are constants. A common example of this type of a hyperbolic partial
differential equation is the wave equation

otz OJx?

Assuming a domain from x = 0 to x = 1, initial conditions

=0 (3.22)

u(z,0) =sin(rz), 2(z,0)=0
and boundary conditions
u(0,t) = u(l,t) =0
the solution of the wave equation is

u(z, t) = sin(mwz) cos(nt) = % [sinm(x —t) +sinw(z + )] (3.23)

A typical property of hyperbolic PDE’s is the propagation of information through a system.In
the above solution two sine waves are traveling into the positive and negative directions. The
superposition of these yields a standing oscillating wave. More insight into this property is shed
by the linear transformations

E=ax+t, n=z—1.
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This transforms the wave equation (3.22) into the form

d*u

seor " (3.24)

which has the general solution

u(€n) = f(&§) +9(n) (3.25)

Initial conditions:

u(z,0) = S(x), %(x,()) =T(z)
With u(z, 0) = u(¢(z,0),n(z,0)) = f(li=o) + 9(nli=0) = f(x) + g(z) = S(z)

Qu _ du(€n) _ 9udE | dudn _ Of _ 99 — 9f _ 99 _
and Y _8§8t+6n8t_8£|t:0 8n|t:0_8x 8:1:_T('r)

one obtains
flx) =5 (S(x) + ["T(a")da') + C, g(x) = 5 (S(x) — [*T(«')da') + D

However, since f = f(§) and g = g(n) we can just replace x in the above expressions with &
and 7 in the above expressions to arrive at the general solution u(z,t) = f(§) + g(n) or

(1) = % (S@+0+S@-0+ [ _:t T(&')dr') (3.26)

3.6.2 Roleof Characteristics and Boundary/Initial Conditions:

Most common examples of hyperbolic equations are the various time dependent forms of the
fluid equations without dissipation (heat conduction, viscosity, resistivity). In those examples
the physical role of characteristics is the transport of information. This is achieved by wave, for
instance sound waves which carry this information along the characteristic lines or surfaces. It
should be noted that more complex systems may have more than just the compressional sound
wave solutions. For instance, motion of elastic media like the earth can involve shear motion
as well. Plasmas typically have at least three different types of wave. The number of initial
conditions has to correspond to the number of unknowns or waves. For the present purpose we
assume to deal with an ordinary wave equations which requires to specify two initial conditions
(i.e., the dependent variable and its derivative).
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Source >

X

Figure 3.4: lllustration of characteristics branching from a point source. For the wave equation
(3.22) the characteristics are straight lines.

The example of the one-dimensional equation in Figure 3.2 demonstrates already the propaga-
tion along characteristics. For the second order equation any point source along = will influence
its vicinity along the corresponding characteristics as demonstrated in Figure 3.4.

This illustrates that any point in space is the origin of two characteristics. At any point in space
it takes two characteristics to define a solution uniquely. This has important implications for
boundary and initial conditions.

Figure 3.5 illustrates various situations for which a solution is uniquely defined.

T~ - ~

~ e R isti
~ - a-characteristics B-characteristios
. ~ ~ ‘ ’
O-characteristics N B-characteristics
< ~ o~ ~N
. ique Solution, P

N N . . A Uniqu ‘C
\ L
\\ \\\\\\\ "l‘ One cond- SP One cond. specified

Case 1 B

a-characteristics haracteristics
| ) \
~ , \
N Unique Solution .

\
One cond. specified One cond. specified

Case 3

Figure 3.5: Illustration of 3 cases of boundary conditions which yield unique solutions in the
shaded domains.

In case 1 both conditions are specified along the line AB. Thus any point along AB is the source
of two characteristics. The region in which both the «-characteristics and the 3-characteristics
overlap has a unique solution. In case 2 a boundary condition is defined along AB which is
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also a characteristic of type o and another boundary condition is defined along BC which is
also a characteristic. Obviously the characteristics originating from these lines overlap in the
shaded region. Finally in case 3 a boundary condition is defined along BC which is as well a
characteristic curve. The other boundary condition is defined a long a non-characteristic line
AB. However, since AB maps continuously and uniquely along the characteristics of type alpha
the solution is uniquely defined by one boundary condition provided along AB and the other
along BC.

It is worth mentioning that time can be considered a just as a coordinate such that the distinction
between boundary and initial conditions is not necessary. With this in mind the line AB of case 3
can for instance also represent the time or the x axis. If it represents the time axis the condition
would become the more traditional boundary condition. If AB represents the x axis (at ¢ = 0)
the condition becomes the traditional initial condition.

For the example of steady supersonic potential flow characteristic cannot be interpreted in the
physical sense of information flow because time is not a variable.

3.7 Parabolic Partial Differential Equations

Parabolic equations are typical for dissipative processes. Classical examples are heat conduction
and diffusion.

ou  0%*u

ot dx?
For the initial condition
u(zx,0) = sinmx
and the boundary conditions
u(0,t) =0, u(l,t)=0
the solution is
u(z,t) = sin (7x) exp (—wzt)

Characteristics: An interpretation in terms of characteristics is useless because the is only
one characteristic. Any local perturbation influences the entire domain, however, with
decreasing magnitude with increasing distance from the source of the perturbation.

Initial Conditions: Typical are Dirichlet conditions.

Boundary Conditions: Mixed conditions are possible but Neumann conditions must agree
with the initial conditions. Dirichlet conditions are easier.
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3.8 Elliptic Partial Differential Equations

Elliptic PDE’s are typical for steady state problems or equilibria (note sub-sonic steady flow
problem). They also occur when potentials need to be determined by the corresponding equation
such as the electrostatic potential in Poisson’s equation. Another example is the gravitational
potential. The typical homogeneous elliptic equation is

e 9P
—+— = 0
ox?  Oy?

with boundary conditions
®(x,0) =sin (mz), P(z,1) =sin(rz)exp (—7), P(0,y) =P(1,y)=0
the solution is
®(x,1) = sin (7x) exp (—7y)

Characteristics: There are no real characteristics.

Maximum minimum principle: For an elliptic equation of type (3.1) with constant coeffi-
cients A, .., G, both the maximum and the minimum are assumed on the boundary JR.

Any disturbance in the interior influence the entire computational domain.

Boundary Conditions can be Dirichlet, Neumann or mixed. If f(s) = g—‘i’is prescribed it
should be noted that ¢, fds = — [ VZ®dV.



